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1. Introduction 

Let X be a smooth projective variety over C. Naively, Gromov-Witten invariants 
count parametrized algebraic curves of X; more precisely, they are intersection 
numbers on moduli spaces of stable maps to X. Let Mg^n{X, (3) be the Kontsevich's 
moduli space of n-pointed, genus g, degree j3 stable maps / : (C, a;i, . . . , x„) -^ X, 
where /3 = f*[C] £ H2{X;Zi). It is a proper Deligne-Mumford stack with a perfect 
obstruction theory of virtual dimension 



(1) d™- = / ci(Tx) + (dimX - 3)(1 -g) + n, 

where J stands for the pairing between the (rational) homology and cohomology. 
Given i £ {l,...,n}, there is an evaluation map ev^ : A^g.„(X, /3) — ;> X which 
sends a moduli point [/ : (C, xi, . . . , a;„) -^ X] £ Mg,n{X,(3) to f{xi) S X, 
and there is a line bundle L^ over M.g,niX, /3) whose fiber at the moduli point 
[/ : {C,xi, . . . ,x„) — ^ X] is the cotangent line T*.C at the i-th marked point Xj. 
Gromov-Witten invariants of X are defined to be 

(2) (t,,(7i), . . .,TaAln))f.p := / U^evH^^f) e Q 
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where 71, ... , 7„ G H*iX; Q), V* - ciiU) e H^Mg,n{X, (3); Q), and 

is the virtual fundamental class (Li-Tian |32]j Behrend-Fantechi |5]). 

When X is a toric variety, the torus action on X induces torus actions on moduli 
spaces of stable maps to X. By virtual localization (Graber-Pandharipande [24] . 
see also Behrend [5 and Kresch J4T]). 

J[M„„{X,l3)]''"i=i F JiP]"" ^^'^^F ) 

where 

• T is the torus acting on X and on A^g_„(X, /3), 

• the sum on the right hand side of ^ is over connected components of the 
set of T-fixed points in Mg,niX, /?), 

• jf e H^{X; Q) is a T-equivariant lift of 7,, 

• tpf e H^{Mg,n{X, f3);Q) is a T-equivariant lift of V'i- 

• i*p : H:^{Mg.n{X,f3);<Q) -^ H^{F;Q) is induced by the inclusion map 
iF:F^Mg.n{X,f3), 

• exiXp") is the T-equivariant Euler class of the virtual normal bundle Np" 
oiFmMg,n{X,P). 

Up to a finite morphism, each connected component T is a product of moduli 
spaces of stable curves (with marked points). T is a proper smooth DM stack, 
and [FY" is the usual fundamental class [F] e H^{F]Q). The right hand side 
of ^ can be expressed in terms of Hodge integrals, which are intersection num- 
bers on moduli spaces of stable curves. The terminology "virtual localization" 
was introduced in [21] and the term "Hodge integral" was introduced in [15] pre- 
cisely to study the virtual localization formula in [24j. Algorithms of computing 
Hodge integrals are known; a brief review of the relevant results will be given in 
Section 13.11 This gives an algorithm of evaluating Gromov-Witten invariants for 
any smooth projective toric varieties, in all genera and all degrees. Indeed, this 
algorithm was first described by Kontsevich for genus zero Gromov-Witten invari- 
ants of P"" in 1994 [40J, before the construction of virtual fundamental class and 
the proof of virtual localization. The moduh spaces A4o,n(IP'^, d) of genus zero sta- 
ble maps to P"" are proper smooth DM stacks, so there exists a fundamental class 
[Mo,ni'P'',d)] e 7J*(7Wo,n(P'",d);Q), and one may apply the classical Atiyah-Bott 
localization formula [3] in this case. H. Spielberg derived a formula of genus 
Gromov-Witten invariants of smooth toric varieties in his thesis |56j . 

For a noncompact smooth toric variety X, Gromov-Witten invariants are usually 
not defined, but one may use the right hand side of ([3]) to define T-equivariant 
Gromov-Witten invariants of X. They are elements in the fractional field of 
H*{BT;<Q), the rational equivariant cohomology ring of the classifying space BT 
of T. 

Chen-Ruan developed Gromov-Witten theory for symplectic orbifolds [T5]. The 
algebraic counterpart, the orbifold Gromov-Witten theory for smooth Deligne- 
Mumford (DM) stacks, was developed by Abramovich-Graber-Vistoli [ll[2]. Orb- 
ifold Gromov-Witten invariants of a smooth DM stack X are defined as intersection 
numbers on moduli spaces of twisted stable maps to X. When A" is a smooth toric 
DM stack, the torus action on X induces torus actions on moduli spaces of twisted 
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stable maps to X. By virtual localization, orbifold Gromov-Witten invariants of a 
smooth toric DM stack can be expressed in terms of Hurwitz-Hodge integrals, which 
are intersections numbers of moduli spaces of twisted stable maps to BG = [pt/G], 
the classifying space of a finite group G. Algorithms for computing Hurwitz-Hodge 
integrals are known; a brief review of the relevant results will be given in Section 
[7:51 

The goal of this article is to provide details of the localization calculations de- 
scribed above. In Section [51 we review equivariant intersection theory and local- 
ization. In Section [31 we give a brief review of Gromov-Witten theory. In Section 
[4l we give a brief review of smooth toric varieties, and introduce toric graphs. In 
Section [5l we use virtual localization to derive a formula for Gromov-Witten in- 
variants of smooth toric varieties in terms of Hodge integrals. Most of Section \E\ 
is straightforward generalization of the P'' case discussed in 40! (genus 0) and [JH 
Section 4], [51 Section 4] (higher genus); see also [Ml Chapter 27]. Smooth DM 
stacks, orbifold Gromov-Witten theory, and smooth toric DM stacks are reviewed 
in Section [H Section [3 and Section [3 respectively. In Section [9l we use virtual 
localization to derive a formula of orbifold Gromov-Witten invariants of smooth 
toric DM stacks in terms of abelian Hurwitz-Hodge integrals. Our main reference 
of Section [HI is P. Johnson's thesis j30j, which contains detailed localization compu- 
tations for 1-dimensional toric DM stacks. D. Ross's recent preprint [SO] contains 
localization computations for 3-dimensional Calabi-Yau toric DM stacks. 

Acknowledgments. I wish to thank Dan Abramovich, Lev Borisov, Dan Edidin, 
Ezra Getzler, Tom Graber, Paul Johnson, Etienne Mann, Zhengyu Zong for helpful 
communications, and the referee for his or her comments. Special thanks go to 
Tom Graber and Paul Johnson for their help with orbifold Gromov-Witten theory 
and virtual localization. 



2. Equivariant Intersection Theory and Localization 

In this section, we review equivariant intersection theory and localization. In 
Section 12.11 - Section 12.51 we discuss equivariant cohomology of topological spaces 
and localization on smooth manifolds. In Section 12.71 we give a brief summary of 
equivariant intersection theory on schemes and Deligne-Mumford stacks in terms 
of equivariant Chow groups and equivariant operational Chow cohomology groups 
[15] . We state the virtual localization formula in Section [2?8l 

In this paper, we consider cohomology groups. Chow groups, and operational 
Chow groups with rational coefhcients. We write H*{»), A*(»), ^*(») instead of 
i/*(.;Q), A(.;Q), A*(.;Q). 

2.1. Equivariant cohomology. Let G be a Lie group, and let EG be a con- 
tractible topological space on which G acts freely on the right. The quotient 
BG = EG/G is a classifying space of principal G-bundles, and the natural pro- 
jection EG — > BG is a universal principal G-bundle; EG and BG are defined up 
to homotopy equivalences. 

A G-space is a topological space together with a continuous left G-action. Given 
a G-space X, define a right G-action on EG x X by 



(4) iP,x) ■ g= {p- g,g ^ ■ x). 
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The homotopy orbit space Xg is defined to be the quotient of EG x X by the free 
G-action ^. The G-equivariant cohomology of X is defined to be the ordinary 
cohomology of the homotopy orbit space Xq'- 

H*a{X):^H*{XG). 

In particular, the G-equivariant cohomology of a point pt is the ordinary cohomol- 
ogy of the classifying space BG: 

H*a{pt)^H*{BG) 

Example 5 (Classifying space of C*-bundles). The Lie group C* acts on C°° — {0} 
on the right by 

vX^Xv, AeC*, veC°°-{0}. 

C°° — {0} is contractible, and the C* -action on C°° — {0} is free. Therefore (up to 
homotopy equivalence) 

SC*=C°°-{0}, BC* = (C°°--{0})/C* =P°°, 

where P°° is the infinite dimensional complex projective space. Let C'poo(— 1) be the 
tautological line bundle over P°°, and let u be the first Chern class of Opoo(— 1); 

u := ci(Opoc,(-l)) e ff2(poo) ^ Hl,{pi). 
Then -ffc-(pt) = H*{BC*) = Q[u]. 

In this paper we will consider action by an algebraic torus T — (C*)'. Let 
TTi : BT ~ {BC*y — > BC* be the projection to the i-th factor, and let Ui — tt*u (^ 
H^{BT). Then 

H^{pt)^H*{BT)=Q[ui,...,ui]. 

Example 6. Let T = (C*)''^^ act on the r-dimensional complex projective space 
P'' by 

(io, ■ . ■ ,tr) ■ [zq, . . . , Zr] = [toZo, . . . , trZr], [to, . . . ,tr) G T, [zq, . . . , Z^] G P . 

For i = 0, . . . ,r, let Pi : BT — [BC*Y^^ — > BC* be the projection to the i-th factor. 



Then P~ can be identified with the total space of the ¥^ -bundle 

F(®I=oK(0P~(-l)))^ST. 

In general, let E ^f X be a rank (r + 1) complex vector bundle over a topological 
space X, and let tt : ¥{E) -^ X be the projectivization of E, which is an ¥^ -bundle 
over X. Then the cohomology H*{¥(E)) of the total space ¥{E) is an H*[X)- 
algebra generated by H with a single relation 

H'-+^ + ci{E)H'' + ■■■+ Cr+i{E) = 0, 

where Ci{E) is the i-th Chern class of E, and H is of degree 2. 

In our case E = ®\^QP*Or'=={—l), so the total Chern class of E is given by 

r 

c{E)=Y[{l-^u,), u,=p*{ci{Op^ {-!)). 
We have 

r 

H*~{¥-) - H*{¥-~) - Q[H,uo, . . .,Ur]l([{{H + u,)), 

where Q[H, uq, . . . , Ur] is the ring of polynomials in II,uo, . . . ,Ur with coefficients 
in Q, and (111=0 (-^ + ^«)) ^'^ ^^^ principal ideal generated by 111=0 (-^ + '"'«)• 
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The trivial fiber bundle EG xX ^ EG with base EG, fiber X descends to a fiber 
bundle Xg -^ BG with base BG, fiber X. The inclusion of a fiber, ix '■ X ^ Xg, 
induces a ring homoniorphism i*^ : Hq{X) = H*{Xg) — > H*{X). 

2.2. Equivariant vector bundles and equivariant characteristic classes. 

Let G be a Lie group. A continuous map f : X ^ Y between G-spaces is called 
G-equivariant if f{g ■ x) ~ g ■ f{x) for all g £ G and x € X . 

Let p : V ^ X he a (real or complex) vector bundle over a G-space X. We say 
p : V^ — > X is a G-equivariant vector bundle over X if the following properties hold. 

• V^ is a G-space. 

• p is G-equivariant. 

• For every g G G, define (j>g : V ^> V hy v i-^ g ■ v, and (j)g : X ^^^ X hy 
X h^ g ■ X. Then (j)g is a vector bundle map covering (f>g: 

V -i^ V 



■1 



X -^^^^^ X 

Example 7. When X is a point, a complex vector bundle over X is a complex 
vector space V , and a G-equivariant vector bundle over X is a representation p : 
G-^GL{V). 

Let TT : V ^ X he a G-equivariant vector bundle over a G-space X. Then Vg 
is a vector bundle over Xg- Let c be a characteristic class of vector bundles (for 
example, Chern classes c^ and Chern characters ch^ for complex vector bundles, 
or the Euler class e for oriented real vector bundles). We define the corresponding 
G-cquivariant class c^ by 

c«(y) := ciVG) e H*iXG) = H*c{X). 

If y is a G-equivariant complex vector bundle over X then we call c'^{V) G Hq^{X) 
(resp. ch^(y) € H^{X)) the G-equivariant k-th Chern class (resp. the G- 
equivariant fc-th Chern character) of V. If V^ is a G-equivariant oriented real bundle 
of rank r over X then we call e'-^{V) G Hq{X) the G-equivariant Euler class of V. 

Example 8. For any a G Z, let <Ca be the 1-dimensional representation o/C* with 
character t ^^ f^ . Then <Ca can he viewed as a C* -equivariant vector bundle over a 
point. We have 

(Ca)c- = {{u,v) e (C°" - {0}) X C}/{u,v) ^ (tu^t-^v) = Opoc(-a) 
cf (Ca) = aue Hi, (pt) ^ Zu. 

2.3. Push-forward. Let X, Y be compact oriented manifolds of dimension r, s, 
respectively, and let [X] e Hr{X), [Y] G Hs{Y) he the fundamental classes. A 
continuous map f : X ^ Y induces a group homomorphism 

/* : H^{X) -^ h''+'-^'{Y) 

characterized by 

if.a) n [Y] =Man [X]) e Hr-k{Y). 
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In particular, if s > r then /*! £ iJ'*^^(y) is the Poincare dual of f*[X] £ Hr{Y). 
The push-forward map /* : H*{X) — > H*{Y) is a homomorphisni of i/*(y)- 
modules: 

/*(aUr/3) = (/,a)U/3, a £ i/*(X), /3 £ i/*(y). 

If g : y ^^ Z is a continuous map and Z is a compact oriented manifold then 
9.'of, = {gof),:H*iX)^H*iZ). 

Example 9. (1) Let V be a rank q oriented real vector bundle over Y, and 

let X be the transversal intersection of a section s : Y ^>- V and the zero 
section. Let f : X -^ Y be the inclusion. Then /*! = e{V) £ H''(Y). 
(2) Let px : X — !■ pt be the constant map to a point. Then px* '■ H* (X) — > 
H* (pt) = Q can be identified with J^ . 

Suppose that a Lie group G acts on X and on Y, and let [X]^ £ H^{X), [Y]^ £ 
Hf{X) be G-equivariant fundamental class, where Hf{X) is the G-equivariant 
homology groups with rational coefficients, constructed from G-invariant cycles in 
X. A G-equivariant map f : X ^ Y induces a group homomorphism /* : H^{X) -^ 
HJf{Y). It also induces 

/, : H^iX) ^ H^+^-^iY) 
characterized by 



/.(a«) n [Yf = /4a« n [Xf) £ HtriX). 

In particular, if s > r then /*! £ H^'~{Y) is the equivariant Poincare dual of 
f.[XY^&H^{Y). 

We have the following commutative diagram: 

H%{X) — 1_^ hI+'-^'{Y) 



H^{X) ^' > H''+''-''{Y) 

where i^f > ^y ^^^ defined as in the last paragraph of Section 12.11 If s > r then 
/*! £ H^-''(Y) is the equivariant Poincare dual of f^Xf £ H^{Y). 

The push- forward map /* : Hq{X) — >■ Hq{Y) is a homomorphism of Hq{Y)- 
modules: 

/.(a«ur/3«) = (/.aG)U/3^, a« £ i^^W, P"" ^H*a{Y). 

If G acts on another compact oriented manifold Z, and g : Y ^ Z in a, 
G-equivariant map, then g* o f^, = {g o /)^ ; HJf{X) -^ HJf{Z), Hq{X) -^ 

TTk-\-dim Z— dim X / rr\ 

Example 10. (1) Let V be a G-equivariant rank q oriented real vector bundle 

over Y , and let X be the transversal intersection of a G-equivariant section 
s : y — > V^ and the zero section. Let f : X -^ Y be the inclusion. Then 

/a = eG(F)£ii^(y). 

(2) Let Px : X -^ j>t be the constant map to a point. Then (px)* ■ Hq{X) — > 
-//^(pt) = H*{BG) is denoted by /rv-ic- 
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2.4. Localization. Suppose that T = (C*)' acts on a compact oriented manifold 
M, and suppose that each connected component of the T fixed points set M'^ C 
M is a compact orientable submanifold of M. Let Fi,. . . ,F/v be the connected 
components of M^. Then {Fj)t = Fj x BT, so 

H;.{Fj) = H*{F, X BT) ^ H*{Fj) ®q i/*(Sr) = i/*(F,) ®q i?T 

where i?T = H*{BT) = Q[ui, . . . , u/]. Let Qt = Q(ui, . . . ,-u;) be the fractional 
field of Rt- The equivariant Euler class e^ {Nj) of the normal bundle Nj of _Fj in M 
is invertible in H*{Fj)®iqQt- The inclusion jj : Fj ^ M induces a homomorphism 
{ij)* : H^{Fj) — )■ H^{M) of i?T-niodules and can be extended to 

(ij), : H^{Fj) r^R^ Qt -^ H^{M) ®r^ Qt- 

Theorem 11 (Atiyah-Bott localization formula [3]). 

Ifa^ e Ht(^) then 

N ■* T 



(12) ""^^Efe)*;^ 



,=1 ^^i^^y 

Corollary 13 (integration formula [Sj Equation (3.8)]). If a £ H^{X) then 



(14) / a^ = Y: 



- ^ ^*a- 



Each term of the right hand side is a rational function in ui, . . . ,ui, while 
the left hand side is a polynomial in ui, . . . ,ui. If a G -ff^(X) then J,y]t cP" G 
i/^-d™^(pt). hi particular, 

• If fc = dimX then /,^p a^ G Q. 

• If fc < dimX or if fc — dimX is odd, then Jfyit cP" — 0. 

i/^™(pt) is the space of polynomials in ui, . . . , m; with Q coefficients, homogeneous 
of degree m. 

We also have il Jja* = if ji 7^ J2- Therefore the inclusion i : M^ = LijLiFj — > 
M induces an isomorphism 

N 

i, : H*t{M^) ®r^ Qt ^@H*{Fj) ®q Qt ^ H*t(M) ®r^ Qt- 
i=i 

Example 15. Let T = (C*)''"''"'^ act on W as in Example\^ Then the fixed points 
set consists of {r + I) isolated points. 

(P'^)^ = {po = [l,0,...,0], pi = [0,l,0,...,0], p, = [0,...,0,l]}. 

Let Dj be the T -invariant divisor defined by Xj — 0. Then Xj is a T-equivariant sec- 
tion of the T-equivariant line bundle C'p'-(Dj). {xk \ k ^ j} defines a T-equivariant 
section Sj of the rank r vector bundle (Bk^jOpr[Dj). The section Sj intersects the 
zero section transversally at a single point pj. Let ij : pj -^ P*" be the inclusion, 
and let hj = {ci)fiOiDj)) e i/|(P''). Then 
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We have 

i*hk = c{{Opr{Dk)p^) ^Uk- Uj e H~{pj). 
Dq n Did ■ ■ ■ D Dr is empty, so 

hghi ■ ■ ■ hr = 0. 

For a fixed k G {1, . . . , r}, {ij)*(hk — Hq) = Uk — uq for all j G {0, . . . , r}. By 
localization, hk — ho = Uk — uq. Define 

H — ho — Uq = hi — Ui = ■ ■ ■ ~ hr ^Ur- 

Then 

{ij).l = Y[{H + Uk), i*H^~Uj, \{{H + u,)^Q, 

k^j 3=0 

where the last identity agrees with the relation derived in Example\^ 

Definition 16 (equivariant integration on noncompact spaces). Suppose that X is 
a noncompact oriented manifold, but X"^ is a finite union of compact, orientable 
submanifolds Fi, . . . , Fpf. We define /r^ir ■ H^{M) -^ Q(mi, . . . , u;) by 

N I- ■* T 



E 



In the above Definition [TBI J,x]t o^ can be nonzero even if a^ S H^{X) and 
k < dimM. Tire following is a simple example. 

Example 17. Let T = (C*)^ act on C^ by (^1,^2) • (2^1,22) = {tiZi,t2Z2) for 
[tiM) eT, (zi,Z2) GC2. Then 

1= ^ =^. 

;2]T e^(ToC2) U1U2 

2.5. Equivariant Riemann-Roch. Let X be a compact complex manifold with 
a holomorphic T-action. The constant map X — s> pt also induces an additive map 
between equivariant iiT-theories: 

TT, : Kt{X) ^ AT(pt), £ ^ Y.^-iy^\X,£) 

i 

where 5 is a T-equivariant holomorphic vector bundle over X, and H^{X,£) are 
the sheaf cohoniology groups, which are representations of T . 

A representation of T is determined by its T-equivariant Chern character ch . 
We can compute ch {'n\£) by Grothendieck-Riemann-Roch (GRR) theorem and the 
Atiyah-Bott localization formula. Applying GRR to the fibration tt : Xt -^ BT, 
we have 

ch^(7r,£) = / ch^(£:)td^(TA:) 

where td (TX) is the T-equivariant Todd class of the tangent bundle TX of X . 
By the integration formula (ITil) . 

f ^ ^ ^ f 'j (ch^(f )td^(TX) 
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We now specialize to the case where Fj are isolated points. We write pi, . . . ,pn 
instead of Fi, . . . , Fn- Let r — dime X, and let 



Xj^i, . . . , Xj^r e -ff|(pt) = ^ ( 



be the weights of the T-action on the tangent space Tp^X of X at pj. Then 

e^td^iTx) = n Y3^' ^"(^.) = ^"(^..^) = n -.^- 
fc=i fc=i 

Let m = rankci?, and let 

yj,i,...,yj,m e i?|(pt) 
be the weights of the T-action on the fiber £p^ of £ at pj . Then 





z*ch^(£) = 


i— 1 


Therefore 






(18) 


AT 
ch^(7T,£) = > - 


-rr /I ^ . . \ 



Example 19. Suppose that T = (C*)' acts on on ¥^ , and let L — > P^ be a T- 
equivariant line bundle. The weights of the T-actions on ToP^ , Trx,^^ , Lq, ioo o.fe 
given by u, ~u, w, w ~ an, respectively, where u,w ^ iJ|.(pt;Q) and a E "L is the 
degree of L . Then 

ch^{H°(F\L)-H\F\L))= [ ch^(L)td^(Tpi) 

J[pi]T 



Indeed, 






Etoe'"-™, «>0, „i,^i ,,_ fo, a>0, 



^ ^ [0, a<0. ^ ' ' \Ei=T e'"+^", a<0. 

2.6. Basic intersection theory in algebraic geometry. We refer to [5D] for 
intersection theory on schemes, and to [58| for intersection theory on Deligne- 
Mumford stacks. 

Given a scheme or a Deligne-Mumford stack M over C, let A^,{M) = (BkAk{M) 
be the Chow groups of M with rational coefficients, and let A*{M) = ©fcA'^(M) 
be the operational Chow cohomology groups (see [20]) with rational coefficients. 
There is a cap product 

A\M) X Ai{M) ^ Ai^kiM), {a,l3)^ani3, 

and a group homomorphism deg : Ao{M) — > Q. If M is a scheme and p e M is 
a smooth point then deg[p] = 1; if M is a Deligne-Mumford stack and p G M is 
a smooth point with automorphism group Aut(p) (which is a finite group) then 
deg[p] = l/|Aut(p)|. (In this paper, \S\ denotes the cardinality of a finite set S.) 
We extend deg to A^{X) by sending Ak{X) to zero for fc ^ 0. 
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If M is a proper smooth scheme or a proper smooth Dehgne-Mumford stack of 
dimension r, then there is a fundamental class 

[M] G Ar{M). 

We define /^^ : A*{M) -> Q by 

/ a==deg(an [M]) e Q. 

2.7. Equivariant intersection theory in algebraic geometry. We have dis- 
cussed equivariant intersection theory on topological spaces, and localization of 
equivariant cohomology on manifolds. We now discuss equivariant intersection 
theory on schemes and Deligne-Mumford stacks, and virtual localization. This is 
similar to the discussion in Section |2.1| - [2751 so we will just give a brief summary 
in the case G — T — (C*)'. We refer to [15] for equivariant intersection theory on 
schemes and algebraic spaces. 

Suppose that T = (C*)' acts on a scheme or a Deligne-Mumford stack M over C 
The T-equivariant operational Chow cohomology of M is defined to be the ordinary 
operational Chow cohomology of the quotient stack [M/T] : 

A*j,{M) ■.= A*{[M/T]). 
In particular, 

A^(pt)=A*([pt/T]) = Q[ui,...,H- 
The T-equivariant Chow groups A'^{M) is constructed from T- invariant cycles in 
M. We refer to [15^ for the construction. 

A T-equivariant vector bundle V ^ M corresponds to a vector bundle [V/T] -^ 
[M/T] . Define the T-equivariant Chcrn classes and Chern characters of E by 

c^V-) := Cki[V/T]) e A^M), chl{V) := chfe([^/T]) e A^(Af). 

Now suppose that AI is a proper Deligne-Mumford stack with a T-equivariant 
perfect obstruction theory of virtual dimension m. In particular, locally there 
exists a two term complex of T-equivariant vector bundles E ^ F over M, where 
rankT — rank_B = m, such that we have an exact sequence of T-equivariant sheaves: 

^ r^ ^ T'' ^ ^"^ ^ r^ ^ 0. 

The perfect obstruction theory defines a T-equivariant virtual fundamental class 

which defines 

/ : A^(Af) -> A^""(pt). 

In particular, /r^^ivir.T sends A!^{M) to if fc < m. 

2.8. Virtual localization. Let M'^ denote the substack of T-fixed points in M. 
Let Ti, . . . , TV be the connected components of M^ . We assume that each Fj is 
a proper Deligne-Mumford substack. Given any ^ G M"^ , let T^ and T^ be the 
tangent and obstruction spaces at ^. Then T acts on T^ and T^. Let T'^-^ C T' be 
the maximal subspace where T acts trivially. Then T' = T*-^ ® T'-". We call T'^^ 
and T*'™ the fixed and moving parts of T*, respectively. Then T'^'-^ defines a perfect 
obstruction theory on each Fj and a virtual fundamental class [Fj]""''^ G A'^{Fj). 
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The virtual normal bundle NJ" of F,- in M is Nf' = j.i,m _ ^,2,™^ rj,^^ j. 
equivariant Euler class eriNJ") G A'!^{Fj) is invertible in 

A*j.{Fj) (g)n^ Qt = A*{Fj) (g)Q Qt 

where Rt = Q[mi, . . . ,«;], Qt — Q{ui, ■ ■ ■ ,ui). Let ij : Fj -^ M be the inclu- 
sion. Assuming the existence of a T-equivariant embedding from M into a smooth 
Deligne-Mumford stack, Graber and Pandharipande proved the following localiza- 
tion formula |23] (see also K. Behrend [S], A. Kresch |41)): 



Theorem 20 (virtual localization) 



r 77! 1 vir,. 

-T-i 



(21) Wt"- = E(^.)*^5^- 

Corollary 22 (intergration formula). If a^ G A^{M) then 

N „ ■* T 



(23) / a -^ 



r,T 6" 



-(^vir)- 



Definition 24 (equivariant integration on non-proper Deligne-Mumford stack). 
Suppose that X is a non-proper Deligne-Mumford stack with a perfect obstruction 
theory, and X^ is a finite union o/ proper Deligne-Mumford stacks Fi, . . . , Fn- We 
define /[^]vir,T : A^{M) -> Q(ui, ■ . ■ ,ui) by 



N . ■* T 



^" = E 



3. Gromov-Witten Theory 

In this section, we give a brief review of Gromov-Witten theory. We work over 

C. 

3.1. Moduli of stable curves and Hodge integrals. An n-pointed, genus g 
prestable curve is a connected algebraic curve C of arithmetic genus g together with 
n ordered marked points xi, . . . , a;„ £ C, where C has at most nodal singularities, 
and Xi, . . . ,Xn are distinct smooth points. An n-pointed, genus g prestable curve 
(C, xi, . . . , Xn) is stable if its automorphism group is finite, or cquivalently, 

Romoc {nc{xi + ---+Xn),Oc)^0. 

Let Aig.n be the moduli space of n-pointed, genus g stable curves, where n, g are 
nonnegative integers. We assume that 2g — 2 -\- n > 0, so that J^g,n is nonempty. 
Then Aig.n is a proper smooth Deligne-Mumford stack of dimension Sg — 3 -I- n 
[l4l l38l l36l l37] . The tangent space of Mg^n at a moduli point [(C, a:i, . . . , x„)] £ 
Mg,n is given by 

Ext^^(f}c(a;i + ---+a;„):C'c)- 
Since Aig,n is a proper Deligne-Mumford stack, we may define 

''_ :A*(A7g.„)^Q. 

7W„,„ 
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We now introduce some classes in A*{A4g^n)- There is a forgetful niorphism ir : 
■Mg^n+i -^ ■^QjU given by forgetting the [n + l)-th marked point (and contracting 
the unstable irreducible component if there is one) : 

[(C,a;i,...,a;„,a;„+i)] ^ [(C^*,Xi, . . . ,a;„)] 

where (C'**, a;i, . . . , x„) is the stabilization of the prestable curve (C, xi, . . . , a;„). 
TT : Mg,n+i -^ ■^g,n c&Ti be identified with the universal curve over A^g,n- 

• (A classes) Let a;,r be the relative dualizing sheaf of -k : Mg^n+i —^ ^g,n- 
The Hodge bundle E = 71^0;,^ is a rank g vector bundle over Aig^n whose 
fiber over the moduh point [(C, xi, . . . ,a;„)] G A^g,n is H^{C,ujc), the space 
of sections of the dualizing sheaf wc of the curve C. The A classes are 
defined by 

X,^c,{E)eA^(Mg^^). 

• (-0 classes) The i-th marked point Xi gives rise a section Si : A^g.n — >■ 
■Mg,n+i of the universal curve. Let Li = s*W7r be the line bundle over 
Mg^n whose fiber over the moduli point [(C, xi, . . . ,a;„)] G A^g.n is the 
cotangent line T*.C of C at Xi. The ip classes are defined by 

ij, = ci{U) eA\Mg^n)- 
Hodge integrals are top intersection numbers of A classes and ^ classes: 

(25) / Vr---C"A^---Aj-'GQ. 

By definition, (P5|) is zero unless 

ai + ■ ■ ■ + Gn + ki + 2k2 + ■ ■ • + gkg = 3.g - 3 + n. 

Using Mumford's Grothendieck-Riemann-Roch calculations in AT ^ , Faber proved, 
in |17j . that general Hodge integrals can be uniquely reconstructed from the "0 in- 
tegrals (also known as descendant integrals): 



(26) / V'r---c 



The descendant integrals can be computed recursively by Witten's conjecture which 
asserts that the ip integrals (|26p satisfy a system of differential equations known as 
the KdV equations [59] . The KdV equations and the string equation determine all 
the ip integrals ([251) from the initial value Jj^ 1 = 1. For example, from the initial 
value J-jTT 1 = 1 and the string equation, one can derive the following formula of 
genus descendant integrals: 

(27) / ^-...C" = i!lli 

Jmo,„ ai\---an'- 

where ai + ■ • • + a„ = n — 3 [401 Section 3.3.2]. 

The Witten's conjecture was first proved by Kontsevich in [39^. By now, Witten's 
conjecture has been reproved many times (Okounkov-Pandharipande [48] . Mirza- 
khani |35], Kim-Liu [3S], Kazarian-Lando [31], Chen-Li-Liu [TU], Kazarian [33| . 
Mulase- Zhang [35], etc.). 
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3.2. Moduli of stable maps. Let X be a nonsingular projective or quasi-projective 
variety over C, and let /? G H2{X-,'L). An n-pointed, genus g, degree /3 prestable 
map to X is a morphism / : (C, a;i, . . . , a;„) — >■ X, where (C, xi, . . . , a;„) is an 
n-pointed, genus g prestable curve, and /* [C] = j3. Two prestable maps 

/:(C,a;i,...,a;„)^X, /': (C, x'^, ...,<) ^ X 

are isomorphic if there exists an isomorphism cf) : (C, cci, . . . , x„) — ?■ (C, x'^, . . . , x^) 
of n-pointed prestable curves such that / ~ f'o(j). A prestable map / : (C, xi , . . . , x„) -^ 
X is stable if its automorphism group is finite. The notion of stable maps was in- 
troduced by Kontsevich [30^. 

The moduh space Mg^n{X, (i) of n-pointed, genus g, degree /? stable maps to X 
is a Deligne-Mumford stack which is proper when X is projective [7] . 

3.3. Obstruction theory and virtual fundamental classes. The tangent space 
T^ and the obstruction space T^ at a moduh point [/ : (C, xi, . . . ,x„) — > AT] G 
M.g^n{X, P) fit in the tangent- obstruction exact sequence: 

(28) , , „ 

-^¥.^tl^{nc{xi + • ■ • + x„), Oc) -^ H\C, rTx) -^T' ^0 

where 

• Extg, {ilc{xi + ■ • • + x„), Oc) is the space of infinitesimal automorphisms 
of the domain (C, xi, . . . , x„), 

• Extg) {ilc{xi -|- • • • -|- x„), Oc) is the space of infinitesimal deformations of 
the domain (C, xi , . . . , x„ ) , 

• H^{C, f*Tx) is the space of infinitesimal deformations of the map /, and 

• H^{C, f*Tx) is the space of obstructions to deforming the map /. 

T-^ and T^ form sheaves T^ and 7"^ on the moduli space A^g_„(A, (3). 

Let A be a nonsingular projective variety. We say A is convex if H^ (C, f*TX) — 
for all genus stable maps /. Projective spaces P", or more generally, generalized 
fiag varieties G/ P, are examples of convex varieties. When A is convex and 3 = 0, 
the obstruction sheaf T^ = 0, and the moduli space A^o.n (A, /3) is a smooth Deligne- 
Mumford stack. 

In general, A4g.„(A', /3) is a singular Deligne-Mumford stack equipped with a 
perfect obstruction theory: there is a two term complex of locally free sheaves E ^ F 
on Mg,n{X,f3) such that 

is an exact sequence of sheaves. (See [6^ for the complete definition of a perfect 
obstruction theory.) The virtual dimension (T" of Mg,n{X, (3) is the rank of the 
virtual tangent bundle T"'' = F'^ - E'^ . 



(29) d™ = / ci(Tx) + (dimX - 3)(1 -5) 



Suppose that Mg,n (A, /3) is proper. (Recall that if A is projective then Mg,n (A, /3) 
is proper for any g, n, /3.) Then there is a virtual fundamental class 

[Mg,n{X,l3)r e Aa...(Mg,r^{X,|3)). 
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The virtual fundamental class has been constructed by Li-Tian [42 , Behrend- 
Fantechi |6| in algebraic Gromov-Witten theory. The virtual fundamental class 
allows us to define 

_ : A*{Mg,^{X,P)) — > Q, a^ deg(a n [AT3,„(X,/3)]™). 

3.4. Gromov-Witten invariants. Let X be a nonsingular projective variety. 
Gromov-Witten invariants arc rational numbers defined by applying 

to certain classes in A*(A^g^„(X, /3)). 

Let evi : A^g.„(X, ji) ^ X he the evaluation at the i-th marked point: ev.; sends 
[/: (C,xi,...,a;„)->X] e A7g,„(X, /3) to /(a;,) e X. Given 71, ... ,7„ e ^*(X), 
define 

(30) (71 , • ■ • , 7n)^/3 = /_ ev*7i U • • • U ev;7„ e Q. 

These are known as the primary Gromov-Witten invariants of X . More generally, 
we may also view [Mg^n{X,(i)Y" as a class in H2d{Mg,n{X,(i)). Then ([50]) is 
defined for ordinary cohomology classes 71, . . . ,7„ G H*{X), including odd coho- 
mology classes which do not come from A*{M-g^n{X, (3)). 

Let n : Mg.n+i{X,f3) — !> Mg^n{X,l3) be the universal curve. For i = l,...,n, 
let Si : Mg^n{X,(3) — > Mg^n+i{X, (3), be the section which corresponds to the i-th 
marked point. Let cj^r -^ -Mg^n+iiX, jS) be the relative dualizing sheaf of tt, and 
let Li = s*uJt^ be the line bundle over A4g^n{X, /3) whose fiber at the moduli point 
[/ : {C,xi,.. .,Xn) ^ X] € Mg,n{X,P) is the cotangent line T*.C at the i-th 
marked point Xi. The f/'-classes are defined to be 

^, := ci(L,) e A\Mg,niX, (3)), i = l,...,n. 

We use the same notation ipi to denote the corresponding classes in the ordinary 
cohomology group H'^{Mg,n{X, /S)). 

The descendant Gromov-Witten invariants are defined by 

X — / a„*„,. I l,/,ai 



(31) {Ta, (71) • • • Ta„ {ln))lp := /_ ev*7i U t/-^ U ■ • • U ev:7„ U Vr." e Q. 
Suppose that 7^ G H'^^{X). Then ((3T|) is zero unless 

n n „ 

(32) ^d, +2^a, = 2('/ ci(TX) + (dimX-3)(l-.g) + ny 

1=1 i=i •' P 

Remark 33. Note that 

where the ipi on the left hand side is an element in H'^{A4g^n+i{X, (3)), whereas 
the ipi on the right hand side is an element in H'^{A4g^n{X, f3)). Indeed, let Di C 
M.g^n+i{X,l3) be the divisor associated to the section Si. Then ipi = 7r*V'i + [Di] 
[591 Section 2b]. 
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4. ToRic Varieties 

In this section, we review geometry and topology of nonsingular toric varieties. 
We refer to |3T] for the theory of toric varieties. We also introduce the toric graph 
of a nonsingular toric variety that satisfies some mild assumptions. In Section [5l 
we will see that the toric graph contains all the information needed for computing 
Gromov-Witten invariants and equivariant Gromov-Witten invariants of the toric 
variety. 

4.1. Basic notation. Let X be a smooth toric variety of dimension r. Then X 
contains the algebraic torus T — (C*)'' as a dense open subset, and the action of 
T on itself extends to X. Let N = IIom(C*,T) = Z'' be the lattice of 1-parameter 
subgroups of T, and let M — IIom(T, C*) be the lattice of irreducible characters 
of T. Then M = Hom(iV, Z) is the dual lattice of N. Let Nj^ = N <^j,R and 
Mr = M (S)z R7 so that they are dual real vector spaces of dimension r. 

The toric variety X is defined by a fan E C ^Vr. Let S(fc) be the set of k- 
dimensional cones in S. A fc-dimensional cone a € S(fc) corresponds to an (r — k)- 
dimensional orbit closure V{a) of the T-action on X. We make the following 
assumption: 

Assumption 34. • S(r) is nonempty, so that X contains at least one fixed 

point. 

• Each (r — 1) dimensional cone r G I](r — 1) is contained in at least one top 
dimensional cone a G S(r). 

We introduce some notation: 

• Let {ei, . . . , e^} be a Z-basis of iV, and let {ui, . . . , Ur} be the dual Z-basis 
of M = Hom(Ar, Z): (u,, e,) = &^. 

• Given linearly independent vectors wi, . . . ,Wk & N, define 

Cone({wi, . . . , Wk}) = {tiWi H tkWk | ii, . . . , tfe e K>o}. 

We define Cone(0) = {0}. 

Example 35 (P''). iV = e[^iZe,. Let 

Vi = Ci, I <i <r, vo = -ei e^. 

The projective space P'' is a nonsingular projective toric variety of dimension r, 
defined by the fan 

j:^{Conc{S)\Sc{vo,...,Vr},\S\<r}. 

Example 36 (Opi(-l)©e'pi(-l)). iV = Zei © Ze2 Zeg. Define 

t'i=ei, 1)2 = 62, W3 = 63, t;4 = ei +62 - 63. 

Given 1 < ii < ■ ■ ■ < «fc < 4, define 

a,,...,^ = Cone({wi,,...,i;,J). 

The total space o/C'pi(— l)©C'iii(— 1) is a nonsingular quasi-projective toric variety 
of dimension 3, defined by the fan 

S == {{0}: f li 0'2, cr3, f4, cri2, cri3, (723, 0-24, ^34 , cri23 , 0-234} • 
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4.2. One-skeleton. The set of T fixed points in X is given by 

{p„ := V{a) : a £ I](r)}. 

The set of 1-dimensional T orbit closures in X is given by 

{£^ := y(T) -.T C,Y.{r~ 1)}. 

Under our assumption, each (.r is either an affine line C or a projective line P^. We 
define 

S(r-l), = {reS(r-l)e:£r-Fi}. 

Note that I](r — l)c = S(r — 1) if X is proper. We define the 1-skeleton of X to be 
the union of 1-dimensional orbit closures: 

(37) X^:= U ir. 

reS(r-l) 

We define the set of flags in S to be 

F(Y?) = {(T,f7) el](r-l) xl](r) |r Ca} 

= {(r,a)eE(r-l)xE(r) |p, e4}. 
Example 38 (P''). We use the notation in Examvle\35\ Define 
ai = Cone{uj \ j y^i}, i = 0, . . . , r, 
Tij — (TiD a-j £ I](r — 1), < i < j < r. 
Then 

S(r)={r7, |z = 0,...,r} 

S(r - 1) = S(r - 1), = {n, I < ^ < i < r} 

F(E) = {(Ty , a,) I < i < J < n} U {(r,y , aj) | < i < j < r}. 

Example 39 (C'pi(— 1) ® C'pi(— 1)). We wse t/ie notation in Examvle\3(k 

E(3) = {cri23,cr234}, S(2) = {cti2, cri3, 0'23, Cr24, 0-34}, S(2)c = {cr23} 
^(^) = {(0'12, Cri23), (ciS, 0-123), (0'23, 0-123), (023, 0234), (024, 0234), (0-34, 0234)} 

4.3. Toric graph. The sets S(r), E(r — 1) and F{Yi) define a connected graph 
T. Each top dimensional cone a e S(r) corresponds to a vertex v(cr) in T. Each 
(r — 1) dimensional cone r G E(r — 1) corresponds to an edge e(r) in T; e(r) is a 
ray if ^t — C, and is a line segment if Ir ^ P^. The vertex v(ct) is contained in the 
edge e(T) if and only if the fixed point po- is contained in the (afhne or projective) 
line (.r- 

Given any top dimensional cone a £ S(r), define the folio-wing subset of I](r — 1): 

E„ = {Te S(r - 1) I T C ct} = {r e S(r - 1) | p. £ Ir}- 

Then \Ecr\ — n. Therefore T is an r-valent graph. 

Given a flag {r.a) £ F{T,), let w(T,cr) G M = Hom(r,C*) be the weight of 
T-action on Tp^l^-, the tangent line to It at the fixed point Pa, namely, 

w(r,a) := cl{TpJr) G H^{Pa;Z) = M. 
This gives rise to a map -w : F{Yi) — >■ Af satisfying the folio-wing properties. 

(1) Given any a G S(r), the set {'W'{t, cr) | r G i?cr} form a Z-basis of M. These 
are the -weights of the tangent space Tp^X to X at the fixed point Pa- 

(2) Any r G S(r — l)c is contained in f-wo top dimensional cones a, a' G S(r). 
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(a) w(t, cr) + w(t, cr') = 0. 

(b) Let Ea = {ti, . . . ,Tr}, where Tr — t. For any r^ G Ea there exists a 
unique r^' G E^> and a; e Z such that 

w(r- , cr') = w(rj, cr) - aiw(r, cr). 

In particular, t^ — Tr = t and a^ = 2. 

Let T be as in (2). The normal bundle of £r = P^ in X is given by 

Ne^/x ^ ii © • • • © Ln-i 

where Li is a degree ai T-equivariant line bundle over ir such that the weights of the 
T-actions on the fibers {Li)p^ and {Li)p^, are w(Ti,cr) and "w(Tj',cr'), respectively. 

Example 40 (P''). In notation in Example \38[ 

w(cro-,-, CTo) = -w(croj, CTj) = Uj, j ^l,...,r, 
w{aij,ai) ^ -w{<7ij,aj) ^ Uj - Ui, I <i < j < r. 

Example 41 (Cpi(— 1) © C'pi(— 1)). In notation in Exam,ple\S^ and Exanivle \S!A 

w(a23, 0-123) = Ml, w(cri3, 0-123) = "2, w(cri2, 0-123) = W3, 

w(o-23, 0-234) = -Ul, w(cr24, 0-234) == Ul +U3, w(cr34, 0-234) = Ul +U2- 

We now give another interpretations of the weight ■w(r, cr) associated to a flag 
{t,(j) e FiV). There is a unique p e I](l) such that p C cr and p (/Lt. Dp := V{p) 
is a T-invariant divisor which intersects the T-invariant (afhne or projective) line 
tr transversally at the T- fixed point pa- Then 'w{t^ a) is the weight of the T-action 
on 0{Dp)p^, i.e. 

The formal completion X oi X along X^, together with the T-action, can be 
reconstructed from the graph T and w : F(E) -^ M. We call (T, w) the toric graph 
defined by E. 

4.4. Induced torus action. Suppose that there is a group homomorphism </> : 
T' ^T from another torus T' ^ (C*)' to T ^ {C*Y. Then T' acts on X by 

t' ■! = (j){t') -x, t' eT, X eX. 

The group homomorphism (j) : T' ^ T induces group homomorphisms 

<^* : iV' = Hom(C*,r') — > Hom(C*,r) 
(/)* : M = Hom(r, C*) — > Hom(T', C*) 

An important example is the big torus T — (C*)'* coming from the geometric 
quotient, where s = |E(1)| > r. Let /s be the ideal of C[zi, . . . ,Za] generated by 

and let Z{I^) be the closed subscheme of C* defined by I-^. Then 

X ^ (e-z(/s))/(c*)^-''. 

Let 2(1) = {pi, . . . , ps}- For each pa there exists a unique primitive vector Va E N 
such that Pa r\ N = Z>o'ya- The group homomorphism 



AT = Ze„ ^ iV = Ze„ 



€-n ^ Vn 
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induces group homomorphisms 

s s 

a— 1 a— 1 

and 

r s 5 

(f)* : M ^ ^ZUi — ^ M =^ ^ZUa, U^ ^ y^^{Ui,Va)Ua. 

i—1 a—1 a— 1 

Example 42 (P''). P'' = (C'+i - {0})/C*. The group homomorphism 



iV = 0Ze, ^Ar = 0Ze„ e, ^ 



induces group homomorphisms 

: f = (C*)''+i ^ T = (C*)'', (to, . . . , i) ^ (tito 1, , Ut^^). 
and 

r r 

(f)* : M = ^R "Lui — > M — ^R Zui, Wi i— )■ Wi — uq, i = 1, . . . , r. 

1=1 i=0 

(t>* o w(Tij, fJi) = -w(Tij, CTj) =Uj~Ui, <i < j <r. 

4.5. Cohomology and equivariant cohomology. Let X be a smooth toric va- 
riety of dimension r defined by a fan S. Let S(l) = {pi, . . . , Ps}, and let Va £ N 
be the unique primitive vector such that paf] N = Z>oWq. Let Da = V{pa). 

Given a S S(fc), the scheme theoretic intersection of toric subvarieties Da and 
V{a) is given by 

,,„, ^ ,^, , 1^(7) if cr and Uq span the cone 7 e Effc + 1), 

(43) Dar\V{a)^ I /-" . . 

10 if (T and Wq do not span a cone in S . 

Now assume that X is projective, so that V{a) is projective for all cr G E. Given 
a fc-dimensional cone a £ S(fc), let [T^(c)] S H^^{X) be the Poincare dual of the 
homology class represented by V{(j), and let [V((t)]^ £ H'^{X) be the equivariant 
Poincare dual of the T-equivariant homology class represented by the T-invariant 
subvariety V{a). Then A'^lX) — H'^^{X) is generated, as a Q-vector space, by 
{[V{a)] I a e E(A;)}, and A!^{X) = i?|.'=(X) is generated by {[V(a)f \ a G T,{k)}. 
We have 

(i) If w,;j , . . . , iiij, do not span a cone of S then 

[D,,]U---U[D,J^OeH^\X), 



\^U---U[D,^f =OeH^''{X). 



(ii) For any u e M d Hj.{X), 

s s 

J2W, Va)[Da] = e H^{X), ^(7/, z;„)[i^„]^ - 7/ e ilf (X). 

a—1 a—1 

The above (i) follows from ((43]). To see (ii), let x^ '■ T ^ C* he the character which 
corresponds to u G M. Then x" is a rational function on X which defines a T- 
invariant principal divisor '^a^i{u,Va)[Da]'^ ■ Relations (i) and (ii) are essentially 
all the relations in H*{X) or H^{X). 
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Definition 44. (1) Let I be the ideal in Q[Xi, . . . , Xs] generated by the mono- 

mials {Xi-^ ■ ■ ■ Xi^ \vi^, . . . ,Vi^, do not generate a cone in E}. 

(2) Let J be the ideal in <Q[Xi, . . . , Xg] generated by {X]a=i(^' Va)Xa \ u S M}. 

(3) Let I' be the ideal in Rt[Xi^ . . . , Xs\ = Q\Xi^ . . . , Xg, ui, . . . , Ur] generated 
by the monomials {Xi-^ ■ ■ ■ Xi^ \ Uii....,i^ do not generate a cone in S}. 

(4) Let J' be the ideal in Rt[Xi, . . . , Xa\ = Q\Xi, . . . , X^, mi, . . . , u^] generated 

by {J2a=li'^^'"a)Xa -u\u Q M}. 

With all the above definitions, the cohomology and equivariant cohomology rings 
of X can be describe explicitly as follows. (See for example [HJ Section 5.2], [551 
Lecture 14].) 

Tiieorem 45. 

H*{X) = Q[Xi,...,Xs]/{I+J). 

H;,{X) = Q[Xi,...,Xg,ui,...,Ur]/{I' + J')=Q[Xi,...,Xs]/I. 

The isomorphism is given by X^ ^-> [Da] or [0^^ . 

The ring Q[Xi, . . . , Xg]/ L is known as the Stanley-Reisner ring. The ring homo- 
morphism 

i*^ : iJ^(X) = Q[Xi, . . . , X„7.i, . . . , Ur]/{I'+J') ^ H*{X) = Q[X,, . . . ,X,]/(/+J) 

is surjective. The kernel is the ideal generated by ui, . . . ,Ur. We say 7-^ £ H^{X) 
is a T-equivariant hft of 7 e H*{X) if «5s:(7^) = 7- 

Example 46 (P'^). 

H*{r) = Q[Xo,...,X,]/(Xo---X„Xi-Xo,...,X,-Xo)=Q[X]/(X'-+i). 

H*t{^^) = Q[Xo, . . . ,X„Ui, . . .,Ur]/{Xo ■■■Xr,Xi-Xo-Ui,...,Xr-Xo- Ur) 
, Ul, . . . , Ur]/{X{X + Ml) • • ■ (X + Ur)). 



5. Gromov-Witten Invariants of Smooth Toric Varieties 

Let X be a nonsingular toric variety of dimension r. Then T = {C*Y acts on 
X, and acts on Mg.n{X,l3) by 

t ■ [f : {C,xi, . . . ,Xn) ^ X] ^ [t ■ f : (C, Xi, . . . , a;„) -^ X] 

where (i • f){z) = i • f{z), z e C. The evaluation maps ev,; : Mg,niX,(3) — )> X are 
T-equivariant and induce ev* : A'^{X) — > A^(A^g „(X, /3)). 

5.1. Equivariant Gromov-Witten invariants. Suppose that A^g.„(X, /3) is proper, 
so that there are virtual fundamental classes 

[7W,,„(X,/3)]™ e ^,v.(ATg,„(X,/3)), [Mg.n{X,l3)Y"'^ e Aj.,(7Wg,„(X,/3)), 

where 

d™= /ci(TX) + (r-3)(l-g) + n. 

J/3 

Given 7, e A'^'iX) = H^'^^{X) and a,; G Z>o, define (Ta,(7i) ' • • T-a„(7«))^/3 as in 
Section [Ml 



(47) {TaAll)---raAln))l0^ X{{^<l^ ^ i^T) & 



[ATg.„(X,/3)]-r^^^ 
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By definition, (j47| is zero unless J27=i ^i — ^''^ ■ ^^ this case, 

(48) (r,, (71) • • • r,„ (7™))^^ = /_ JJ (^^^^^ ^ (C)"^') 

where 7^ £ A^' (X) is any T-equivariant hft of 7^ £ A''* (X), and ^pf e yl^(A7g,„(X, ^)) 
is any T-equivariant lift of ipi G A^{Mg^n{X, (3)). 

In this section, we fix a choice of "0^ as follows. A stable map / : (C, xi, . . . ,Xn) ^ 
X induces C-linear maps Tj;.C — ?• Tj^^^.^X for i — l,...,n. This gives rise to 
L^ -^ ev*TX. The T-action on X induces a T- action on TX, so that TX is a 
T-equivariant vector bundle over X, and ev*TX is a T-equivariant vector bundle 
over Aig^n{X, 13). Let T act on L^ such that L^ — ;> ev*TX is T-equivariant, and 
define 

^f = cf (LO e Ai,(A7g,„(X, /3)), I = 1, . . . , n. 

Then V'f is a T-equivariant hft of ipi = ci(Li) e A^{Mg,niX, /3)). 

Given 7^^ £ Aji{X), we define equivariant Gromov-Witten invariants 

(49) ^A^..(^,«l™-..i 

eQK,...,uz](X^d,-d™). 
1=1 

where Q[mi, . . . , ui]{k) is the space of degree k homogeneous polynomials in ui, . . . , w; 
with rational coefficients. In particular. 



{ra^hI),---,r,A-/n))f} 







where 7; — i*xj'[ G A'^^{X). (Recall that ix ■ X -^ Xt is the inclusion of a fiber 
of Xt -^ BT.) 

In this section, we will compute the equivariant Gromov-Witten invariants (|49|) 
by localization. Section [5?^ - Section [5^ below are mostly straightforward general- 
izations of the P'' case discussed in [3D] (genus 0), and [MJ Section 4], [5, Section 4] 
(higher genus). H. Spielberg derived a formula of genus Gromov-Witten invariants 
of smooth toric varieties in his thesis [SB]. See also [211 Chapter 27]. 

Let M.g^n{X,(3)'^ C Mg^n{X,(3) be the substack of T fixed points, and let i : 
Mg^n{X,(3)'^ -^ Mg,n{X,[3) be the inclusion. Let iV^''' be the virtual normal 
bundle of substack 7Wg,n(X, /3)-^ in M.g^n{X, f3); in general, N'^" has different ranks 
on different connected components of Aig n{X, (3)^ . By virtual localization, 
(50) 

**nr=i(ev:7fu(C)'^-) 



J\M„_„{XM)V",T ^_^ J\-j 



IM,.,.{XM^"-^ tJi i[A^g,„(X,/3)T]v.r.T e (iV ) 

Indeed, we will see that Mg,n{X,f3)'^ is proper even when Mg^n{X,f3) is not. 
When ^Ag niX, (3) is not proper, we define 
(51) 

„T^ _ ,.,T^,x _ f **n:ii(ev:7fu(^f)-) ^^ 



(r,,(70,...,T-a,.(7„))^^= /_ 



[AT,.„(x,/3)-]v..T e^(7V™) 
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When J^g,n{X, P) is not proper, the right hand side of (|5ip is a rational function 
(instead of a polynomial) in ui, . . . ,Ur. It can be nonzero when '^di < cT", and 
does not have a nonequivariant limit (obtained by setting Ui = 0) in general. 

5.2. Torus fixed points and graph notation. In this subsection, we describe 
the T-fixed points in Aig^n{X, P). Following Kontsevich [40], given a stable map 
f : {C,xi,. . . ,Xn) ^ X such that 

[/ : (C, xi , . . . , xn) -^X]e Ma,n{X, Pf, 

we will associate a decorated graph F. 
We first give a formal definition. 

Definition 52. A decorated graph F = {T, f,d, g, s) for n-pointed, genus g, degree 
/3 stable maps to X consists of the following data. 

(1) F is a compact, connected 1 dimensional CW complex. We denote the set 
of vertices (resp. edges) in F by ViT) (resp. E{T)). Let 

F{T) = {{e,v) e E{T) x V{T) | w G e} 

be the set of flags in F. 

(2) The label map / : V (F) U £;(F) ^ I](r) U I](r - 1)^ sends a vertex v ^V{T) 
to a top dimensional cone (Jy G S(r), and sends an edge e G E(T) to an 
(r — 1)- dimensional cone t^, G S(r — \)c. Moreover, f defines a map from 
the graph F to the graph T; if {e,v) is a flag in F then (e(Te), v(cri,)) is a 
flag in T, or equivalently, {Te,ffv) G Fi"^)- 

(3) The degree map d : E{T) — > Z>o sends an edge e G E{V) to a positive 
integer de . 

(4) The genus map g : V(T) — s> Z>o sends a vertex v G V{T) to a nonnegative 
integer g^ . 

(5) The marking map s : {1, 2, . . . , n} — t- T^(F) is defined if n > 0. 
The above maps satisfy the following two constraints: 

(i) (topology of the domain) >, 9v + |£'(r)| — l^(r)l + 1 = 5- 

vev{r) 
(ii) (topology of the map) 2_, delirj — P- 

eeE{V) 

Let Gg^n{X,j3) be the set of all decorated graphs F = {T, f,d, g, s) satisfying the 
above constraints. 

We now describe the geometry and combinatorics of a stable map / ; (C, xi, . . . ,Xn) — > 
X which represents a T fixed point in A4g^n{X,/3). 

For any t ^ T, there exists an automorphism (pt : (C, xi, . . . ,a;„) such that 
t ■ f{z) = / o (f)t{z) for any z G C. Let C" be an irreducible component of C, and 
let /' = f\c' : C -^ X. There are two possibilities: 
Case 1: /' is a constant map, and f{C') = {po-}, where Pa is a fixed point in X 

associated to some c G S(r) 
Case 2: C" = V^ and f{C') — £r, where £r is a T-invariant P^ in X associated to 
some T G S(r — l)c. 

We define a decorated graph F associated to f : {C,xi, . . . , x„) -^^ X as follows. 
(1) (Vertices) We assign a vertex v to each connected component Cy of f^^{X^). 
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(a) (label) f{Cv) = {pa} for some top dimensfonal cone a S 5](r); we 
define f{v) — Oy — a. 

(b) (genus) Cv is a curve or a point. If Cv is a curve then we define 
g{v) = gv to be the arithmetic genus of Cv] if Cv is a point then we 
define g{v) = gt, = 0. 

(c) (marking) For i ~ 1, . . . ,n, define s{i) = v ii Xi € Cv 

(2) (Edges) For any r 6 I](r — 1), let O,- = C* be the 1-dimensional orbit whose 
closure is £t- Then 

TeS(r-l) 

where the right hand side is a disjoint union of connected components. We 
assign an edge e to each connected component Oe = C* of f~^{X^ \ X"^). 

(a) (label) Let Ce — P^ be the closure of Oe- Then f{Ce) ~ ir for some r 
in I](r — l)c; we define /(e) — Te — t. 

(b) (degree) We define d{e) = d^ to be the degree of the map f\c^:Ce — 

Pl -^ir =P^ 

(3) (Flags) The set of fiags in the graph F is defined by 

F{T) = {(e, v) € E{T) x y(F) | C^nCv^ 0}. 

The above (1), (2), (3) define a decorated graph F = (T, f,d,g,s) satisfying the 
constraints (i) and (ii) in Definition [SH Therefore F e Gg,n{X, /3). This gives a 
map from A^g,„(X, /3)^ to the discrete set G'g,„(X, /3). Let J^f^ C A^g,„(X, /S)"^ 
denote the preimage of F. Then 

reG,,„ix,f!) 

where the right hand side is a disjoint union of connected components. We next 
describe the fixed locus J^f^ associated to each decorated graph F e Gg,n{X, (3). For 
later convenience, we introduce some definitions. 

Definition 53. Given a vertex v S V{T), we define 

Ev = {eeEiT)\ie,v)eF(T)}, 

the set of edges emanating from v, and define Sv = s^^{v) C {!,..., n}. The 
valency of v is given by val(w) = \Ev\. Let n.y = |S'„| be the number of marked 
points contained in Cv We say a vertex is stable if 2g„ — 2 + val(w) + Uv > 0. 
Let V (r) be the set of stable vertices in V^(F). There are three types of unstable 
vertices: 

V'{r) = {veV{T)\gv = 0,ya\iv) = l,nv = 0}, 
V^^\r) = {veV{r)\gv = 0,val{v)=nv = l}, 
V^{r) = {ve V{T) I g„ = 0, val(w) = 2, n„ = 0}. 

Then V{T) is the disjoint union ofV^{r), V^'^{T), V^{T), and V^{T). 
The set of stable flags is defined to be 

F'^iT) = {(e,w) G F(F) | v e V^^(F)}. 
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Given a decorated graph F = {T, f,d,g, s), the curves C'e and the maps f\c^ '■ 
Ce -^ ir^ C X are determined by f. If w ^ ^•^(r) then C^, is a point, li v e V^{T) 
then Cy is a curve, and y(e, v) := Cg H C^, is a node of C for e Cz Ey. 

{Cy,{y{e,v) : e e Ey} (J {xi \ i e Sy}) 

is a (val(w) + nt,)-pointcd, genus gy curve, which represents a point in Mg^^veLi{v)+n^- 
We caU this moduh space A^g„,£;„us„ instead of Mg^^vai{v)+n^ because we would 
hke to label the marked points on Cy by Ey U Sy instead of {1, 2, . . . , val(w) + n„}. 
Then 

fev-5(r) 

The automorphism group j4j=; for any point [/ : (C, xi, . . . ,x„) -^ X] E J-p fits in 
the following short exact sequence of groups: 

1 ^ n ^de ^ ^f ^ Aut(f) -^ 1 

eeE(r) 
where Z^^ is the automorphism group of the degree d^ morphism 

and Aut(r) is the automorphism group of the decorated graph T = {T, f,d, g, s). 
There is a morphism ip : Ai^ -^ A^g.„(X, /3) whose image is the fixed locus 
Tp associated to F G Gg,n{X, /3). The morphism is induces an isomorphism 

[Mf/Afi] ^ Jp. 

5.3. Virtual tangent and normal bundles. Given a decorated graph F S Gg^n{X, /3) 
and a stable map / : (C, xi , . . . , x„) -^ X which represents a point in the fixed locus 
Jp associated to F, let 

Bi = Hom(r!c(xi + • ■ • + x„), Oc), ^2 = H'^iC fTX) 
Bi = Exti(f]c(a;i + • ■ • + x„), Oc), B^ = H\C, PTX) 

T acts on i?i , ,62 , ^4 , -B5 • Let B™- and S/ be the moving and fixed parts of Bi. We 
have the following exact sequences: 

(54) -^ b( -^ B( ^ T^^f' -^ b{ -^ bI -^ T^-f -^ 

(55) ^ B^" ^ B^ ^ T^^" -^ B^" ^ B^ ^ T^'™ -^ 
The irreducible components of C are 

{Cy\veV^'{T)}U{Ce\eeE{T)}. 
The nodes of C are 

{yy ^Cy\ve V\T)} U {y(e, «) | (e, «) £ B^(F)} 
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5.3.1. Automorphisms of the domain. Given any (e,w) € F{T), let y{e,v) = CeCiCy, 
and define 

«;(e,,) := e^(r^(,,,)Ce) = ^^^l^ll^ e H^vie, v)) = M ®z Q. 



We have 



b( = Hom(f}c.(y(e,«)+y(e,z;')),OcJ 



e e -B(r) 

(e,t.), (e,i;') S F{r) 



H''{Ce,TCe{-y{e,v)-y{e,v')) 



e e -E(r) 

(e,v), (e,v') e F{r) 
"l ~ \JP J-y{e,v)(^e 

i>evi(r),(e,w)eF(r) 

5.3.2. Deformations of the domain. Given any v £ V^'^(r), define a divisor x„ of 
Cy by 

x^ = ^ a;j+ ^ y(e,i;). 

Then 

i3{ = Ext\ncJ^y),Oc)= rATg„,B.us„ 

where 



5.3.3. Unifying stable and unstable vertices. From the discussion in Section 15.3.11 
and Section r5. 3. 2| 



e^{B^) 

cT(-Rm\ 



n ^(^.-) n 



(56) 

rr i 

Recall that 

t)Gys(r) 

To unify the stable and unstable vertices, we use the following convention for 
the empty sets A^o,i and A^o,2- Let wi,W2 be formal variables. 

(i) A^o.i is a —2 dimensional space, and 
(57) / ^-ii^i. 
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(ii) A^o,2 is a —1 dimensional space, and 

1 



(58) / 



'mo.2 (■^l ~ '/'l)(w2 - l/'2) Wi + W2 

(59) 



Mo.2 ^1 - V'l 

vev{r} 
With the above conventions (i), (ii), (iii), we may rewrite ([5^ as 

e^(Br) 



(8°) ^^- n 



The following lemma shows that the conventions (i) and (ii) are consistent with 
the stable case A^o,n, n > 3. 

Lemma 61. For any positive integer n and formal variables wi, . . . , Wn, we have 

(a) / / ^^^(± + ...±)»-3. 

1 2-n 



(b) / -^wt 

Jmo.„ "^1 - ^1 

Proof, (a) The cases n = 1 and n = 2 follow from the definitions (l57l) and (|58|) . 
respectively. For n > 3, we have 



/ I ^ 1 / i 

iATo,,. nr=i(^"* - V'.) ^1 • • • u;n Jmo.„ nr=i(i - ^) 



aiH ha^i— n— 3 ^^io,n 



where 



So 






V'r---V';; 



TWon ai!---a„ 






1/1 1 ^n-3 
-( + )" ^ 



■ tAO Wl • • • W„ Wl w„ 



(b) The cases n — \ and n = 2 follow from the definitions ((57)) and ([59|) . respec- 
tively. For n > 3, we have 



^ ^ ^ ^ ^-w?-"-w?-" 



A^o,„ "^1 - V-l Wl 77^^ „ 1 - |i Wl 

D 
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5.3.4. Deformation of the map. Consider the normalization sequence 

^ ^1..® C?,(e,.)^0. 

We twist the above short exact sequence of sheaves by f*TX. The resuhing short 
exact sequence gives rise a long exact sequence of cohomology groups 

^ B,^ H"{C,)® H%Ce) 
t)ev^'(r) ee_E(r) 

-^ Tfiv.)^ ® ^/(y(e,i-))^ 

^ Ss^ //1(a)© i/i(a)^o. 



vev^ir) eeE{r) 



where 



H\C,) = H\C,,{J\cSTX) 
for « = 0, 1. We have 

H (Ct,) = '^p,,^^ 

Lemma 63. Let a G S(r), so that p^ is a T fixed point in X . Define 
w(ct) = e'^iTp^X) e i/|^(pt) 

n(cr,5j - ^ — e Hj, [Mg,n)- 

Then 

(64) w(cr) = Jl w(r,cr). 

(r,ff)eF(E) 

(65) h(fT,5)= jl 



w(t, (t) 



w/iere A^(m)= J](-1)*A, 



9-« 
i=0 



Proof. Tp^X= TpJ^, where e'^(TpJ^) =w(T,cr). So 

(T,<T)e_F(S) 

e'^C?;..) = n ^(^''^)' 

(T,<T)e_F(S) 

e^(E^0Tp^^O ^ -pr e^i^y ®TpJr) 

e^in £r) ^^ w(T,cr) 
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where 

9 9 

i=0 i=0 

D 

The map Bi — )■ B2 sends H'^{Ce,TCe{—y{e,v) — y{e',v))) isomorphically to 
H°iCe, {f\cJ*Tiry, the fixed part of i/0(Ce, if\cJ*T£r,)- 

Lemma 66. Given d G Z>o and r G I](r — l)c, define a, cr', r^, r,', a.; as m Section 
\4-3[ and let /^ : P-'^ — > £,- = P-'^ be the unique degree d map totally ramified over the 
two T fixed point Pa and p„i in ir . Define 



h(r,d) 



e^{H\F\f*TXy 



e^(i70(Pi,/*rX)™)' 
Then 

(67) hir,d) - ^,^J(^,^,^,d ]l'i^Mn,'r),da.) 

where 

/«Q^ u ^ J^?=o(^-»"^ aGZ,a>0, 

(68) Kw,^>a) = <^T-fia-i. ^.. ^™ ^„ 

[llj=i (^+J")i aGZ, a<0. 



Proof. We use the notation in Section I431 We have 

Ntjx = Li (S ■ ■ ■ (S Lr-i. 

The weights of T-actions on {Li)p^ and {Li)p^ are w(ri, a) and w(Ti, cr) — aiw(T, ct), 
respectively. The weights of T-actions on ToP^, TooP^, {f^Li)o, (/^Li)oo are u := 
^^'"^ , — M, Wi :— w(ri,(T), Wi — duiU, respectively. By Example [T9l 



chT(iJ°(P\ /rf*L,;) - Hl(P\ /,*L.)) = ^ ^^' 



Ejtoe"*"^", a, >0, 



Note that Wi+ju is nonzero for any j' G Z since Wi and u are linearly independent 
for i = l,...,n— 1. So 



e^{H\P\r,U)) e^{H\Y\f2L,r) 



h{u, Wi, dai 



where b{u,w,a) is defined by (|55)) . By Example [TOl 

2d d 

chT{H"{¥\fdT£r)-H^{P^JdTU)) = ^ e''"-^" = l+^(e^'^(^^'^)/'^+e-^"^(^''')/''). 

j=o 3=1 

So 

e^(i?i(pi,/;^r4)") _ A -d' _ (-i)'^d2'i 



n 



^(i?0(Pl,/*r4)'") J^A^ j2w(T,cr)2 (d!)2w(r,cr)2rf' 
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Therefore, 



1=1 



r-l 






(d!)2w(7 

D 

Finally, /(y„) = p^„ = f{y{e,v)), and 

e^(Tp„^X)=wK). 
From the above discussion, we conclude that 

pT ( f>m\ 

^t7^ = n ^(^")- n ^(^")- n ^^,.9.)- n m^-^^o 

= n (h(a„g„)-w(a„r'('^))- [] MTe,4) 
t)ev(r) ee_B(r) 

where w(cr), h(a, g), and h(T, d) are defined by (|M)) . ([S5)) . (p7)) . respectively. 
5.4. Contribution from each graph. 

5.4.1. Virtual tangent bundle. We have B( = B^, B^ — 0. So 

We conclude that 

[ n Mg.^E..usT'^ n [Mg^.E.usJ- 

5.4.2. Virtual normal bundle. Let A''^"' be the pull back of the virtual normal bundle 
of Tf[ in Mg^niX, P) under ip : Mf. ^ Tf. Then 

1 e'^{BT)e^{BJp) yr h(a.,g„) ■ w(a„riW tt . . , . 



5.4.3. Integrand. Given a G S(r), let 

be induced by the inclusion i^ : p^ ^ X . Then 

n 
i=l 

^''^ - n c„7f (-(e,.))- • n (nc7rnv^re.)) 

S„ ^{i},E„ = {e} 
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To unify the stable vertices in ^'^(r) and the unstable vertices in V^'^(r) , we use 
the following convention: for a G Z>o, 

(70) / -^^ = i-w^r. 

Jmo.2 ^1 - V'l 

In particular, (ICTl) is obtained by setting a = 0. With the convention (|70p . we may 
rewrite (|69p as 

n 

(71) ^*, n (^<7r u (^f )-) = n ( n ^.^ n ^r;.) 

4=1 veV(T) ies^ eeE^ 

The following lemma shows that the convention ([70)) is consistent with the stable 
case Mo,n, n>3. 

Lemma 72. Let n,a be integers, n > 2, a > 0. Then 

^,a _j UUoi^^jS~^) ^a+2-n^ n - 2 OI < fl < n - 3, 
Mo.,.^1-^1 [o, "■ otherwise. 

Proof. The case n = 2 follows from ([70]). For n > 3, 



/_ 






/ n—A — a I a 
— - "'I /_ V"! V'2 



a+2-„ (n-3)! _ n"=o("-3- J)^,„+2-« 



(n — 3 — a)!a! a! 

5.4.4. Integral. The contribution of 



-w. 



D 






^*nr=i(ev:7fu(V'f)'^o 



'[AT,.„(x,;3)-]v...T e^(iV™-) 

from the fixed locus J^j; is given by 

^ n M-e,4) n (wK)™^^"^ n c„Tr 

where \A^\ = |Aut(f)| ■ UeeEir) 4- 

5.5. Sum over graphs. Summing over the contribution from each graph F given 
in Section r5. 4. 41 above, we obtain the following formula. 

Theorem 73. 

(ra.(7n---r,„(7j))^^ 

= E ^ n ^ n (w(-.)™^^"' n c„7f 

TT f H<^v^9v)Utes^'Pi' 

„gV(r)-^^9-«"US„ neeB„("'(e,t') - Ae,„)) 
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where h(T, d), w((t), h.{a,g) are given by (|67|) . (|64|) . ([65]) . respectively, and we have 
the following convention for the v ^ V (T): 

1 /■ 1 1 



>To.l'^l~^2 ' 7740.2 (^1 -^l) ("'2 -V'2) W1+W2' 

, "^^ , = (-wi)°, aeZ>o. 

/aTo.2 ^1 - '/'I 

Given g G Z>o, r weights w — {wi, . . . , uv}, ?' partitions /2 = {/i^, . . . , /i'}, and 
ai, . . . , flfc G Z, let i{fi'') be the length of /i*, and let £(/2) = J2l=i ^ip-^)- We define 

"'>1s,f(« + fc i=i llj=l ~~V]) b=l 

Given w e V^(r), define w{v) = {w{T,ay) \ (r, cr^) e -F(S)}. Given w e V(r), and 
T e £'cr„, let fi""'^ be a (possibly empty) partition defined by {de \ e £ Ey, /(e) = r}, 
and define ^(u) = {^'"''^ \ (t, CTi,) G F(E)}. Then ((711) can be rewritten as 
(75) 

= E ^37t^ n ""rf ' n {l[CM]l^a^)9.,iliv)Mv) 

Recall that 

5= 5^ g. + \Eir)\~\ViT)\ + l 
vev{r) 
so 

2g-2= ^ (2g^,-2 + val(w)). 
tiev(r) 

Given F = (F, /, d,g,s), let F' = (F, /, d, s) be the decorated graph obtained by 
forgetting the genus map. Let G„(X, /3) = {F' | F G Ug>oGg^„(X, /3)}. Define 

(76) (ra,(7n,--- ,r,„(7,T) I u)^^=J2^''-'{raAlI)r-- ,r,Al^))f- 

g>0 



\i an ■ ■ ■ , I aki g,p..w 



(77) (rai,...,TaJ u);l,^ = ^U^ 

Then we have the following formula for the generating function (1761) . 
Theorem 78. 



{raAlI)---raAll)\uf,^^ E rTTTr^ 11 



h(re,4) 



|Aut(r)| A,%, de 

■ n ( n c„7i^( n ^-^^ i '^)fi{v)Mv] 

6. Smooth Deligne-Mumford Stacks 

We work over C. Let A" be a smooth Deligne-Mumford (DM) stack. Let tt 
A' — > X be the natural projection to the coarse moduli space X. 
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6.1. The inertia stack and its rigidification. The inertia stack I A" associated 
to A" is a smooth DM stack such that the following diagram is Cartesian: 

IX > X 



X > XY.X 

where A : A" — ;> A x A" is the diagonal map. An object in the category XX is a pair 
{x,g), where x is an object in the category X and g G Aut;i'(a;): 

Ob(XA) = {{x,g) \x eX,g e AutA'(a;)}. 

The morphisms between two objects in the category IX are: 

ilomxx{{xi,gi),{x2,g2)) = {/i e HomA'(a;i,X2) \ho g^^ g2oh}. 

In particular, 

AutxA'(a;, g) — {h £ Aut;i'(x) | h o g — g o h\. 
The rigidified inertia stack IX satisfies 

Ob(ZA) = Ob(IA), knt^^{x,g) = kuiix{x,g)/ {g), 

where {g) is the subgroup of Kntixix^g) generated by g. 

There is a more topological interpretation of the inertia stack IX . Let LX = 
Map(S'^, X) be the stack of loops in X. The rotation of S*^ induces an S'^-action on 
LX. The stack [LX)^ of S^ fixed loops can be identified with the inertial stack 
IX. An object in IX is a morphism [pt/Z] — > A" of stacks, which is determined by 
X G Ob(A') and the image of 1 e Z in Aut(a;). 

There is a natural projection q : IX — > X which sends (x, g) to x. There is a 
natural involution i : IX -^ IX which sends {x,g) to (x, g"^). We assume that X 
is connected. Let 

ZA- = y A", 

be disjoint union of connected components. There is a distinguished connected 
component Xq whose objects are (x,ida:), where x S Ob(A), and id^ € Aut(x) is 
the identity element. The involution t restricts to an isomorphism i^ : A^ — > X^^uy 
In particular, lq : Xq ^ Xq is the identity functor. 

Example 80 (classifying space). Let G be a finite group. The stack BG = [pt/G] 
is a category which consists of one object x, and Hom(x, x) = G. The objects of its 
inertia stack IBG are 

Oh{IBG) = {{x,g) \g£G}. 
The morphisms between two objects are 

Hom((x,5i),(x,g2)) = {5 e G | g2g = ggi} = {9 ^ G \ 92 ^ 99i9^^}- 

Therefore 

IBG ^ [G/G] 
where G acts on G by conjugation. We have 

IBG = [_\ {BG), 

ceConj(G) 

where Conj(G) is the set of conjugacy classes in G, and {BG)c is the connected 
component associated to the conjugacy class c G Conj(G). 
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In particular, when G is abelian, Conj(G) — G, and 



IBG = IJ (BG), 
geG 



where {BG)g ^ [g/G]. 



Given a positive integer r, let /i^ denote the group of r-th roots of unity. It is a 
cyclic subgroup of C* of order r, generated by 

Example 81. Let C* acts on C^ - {0} by 

X-{x,y)^{X^x,X^y), X e C* , {x,y) e C^ - {0}. 

Let X he the quotient stack: 

X^ [(C^ - {0})/C*] =P[2,3]. 

Then the coarse moduli space is X —T^ . 
We have 



IX = \_\ X, 



i=0 



whe 



We have 



Xa = X, ObCA-o) = {{{x, y), 1) I {x, y)eC^- {0}}, 

Xi=Bti2, Ob(A'i) = {((l,0),-l)}, 

X2 = Bfi3, ObCA-a) = {((0, 1), e^"^^/^)}, 

X, = S/i3, Ob(A'3) = {((0, 1), e4-y^/3)|. 

'-0 ■ -^0 ~^ -^o, Li : Xi,-^ Xi, L2 : X2 -^ X^. 



6.2. Age. Given any object {x,g) in XX, g : T^X — )■ T^X is a linear isomorphism 
such that g^ = id, where r is the order of g. The eigenvalues of g : T^X -^ T^X are 
(I}, . . . Xl", where k e {0,1, . . . ,r - 1}, n — dime X. Define 

, , li + --- + ln 
r 

Then age : IX ^> (Q) is constant on each connected component Xi of IX. Define 
a.ge{Xi) = a.ge{x,g) where {x,g) is any object in Xi. Note that 

age(A;) + age(A'j(i)) = dime X - dime X^. 

Example 82. Let Xq, Xi, X2, X3 be defined as in Example\E^ Then 

, , I , ^ 1 . ^ 2 

age(A:'o) = 0, age(A'i) = -, age(A'2) = -, age(A:'3) = -. 
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6.3. The orbifold cohomology group and operational Chow group. In [IT] . 

W. Chen and Y. Ruan introduced the orbifold cohomology group of a complex 
orbifold. See [I] Section 4.4] for a more algebraic version. 

The rational Chen-Ruan orbifold cohomology group of X is defined to be 

KAX) ■■= K.i,{x) 

where 

lei 
The Chen-Ruan orbifold cohomology -ff*,.^ is denoted by -ff^R ^^ some papers, for 
example [30] . 

The rational orbifold operational Chow group of X is defined to be 

aeQ>o 

where 

a:,^{x) = ^a'^-'^^<^(^^\x,). 

iei 
Suppose that X is proper, and let 

A*{X) -^Q 

X 



be defined as in Section 12.61 Similarly, we have 

/ :i?*(A')->Q. 

JX 

The orbifold Poincare pairing is defined by 

where a £ H*{XC), /3 e H*{Xj). 

Example 83. Let X = P[2, 3], and let Xo,Xi,X2, A3 be defined as in Examvle\81[ 
Let H G H'^{X) = A'-iX) be the pull back of the hyperplane class of H'^{¥'^) = 
^"'^(P"'^) under the map X — P[2,3] — ?> P""^ to the coarse moduli space. We have 

HU{X) = H\{f[2,Z\)®Hi^{X)®Hl^{X)®Hi^{X)®Hl^{X), 
Al,^{X) = Al^{X) ® Ai^{X) © Ai^{X) ® Ai^{X) ® Al^{X), 



whe 



Hl,^{X) = Al^{X) = H^Xo) = A\X,) = 
^Ib W = 4b W = H\X2) = A°(A'2) = 
Hl,^{X) = Al^iX) = ^0(^-1) = A^{X,) = 

hL^X) = Al^iX) = H\X-^ = A'^iX,) = 
Hl^{X) = Al^{X) = H\Xo) = A'iXo) = 
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7. Orbifold Gromov-Witten Theory 

In [12], Chen-Ruan developed Gromov-Witten theory for symplectic orbifolds. 
The algebraic counterpart, the Gromov-Witten theory for smooth DM stacks, was 
developed by Abramovich-Graber-Vistoli [Ij H]- In this section, we give a brief 
review of algebraic orbifold Gromov-Witten theory, following [2j • 

7.1. Twisted curves and their moduli. An 71-pointed, genus g twisted curve 
is a connected proper one-dimensional DM stack C together with n disjoint closed 
substacks yi, . . . , j;„ of C, such that 

(1) C is etale locally a nodal curve; 

(2) formally locally near a node, C is isomorphic to the quotient stack 

[SY>ec{€[x,y]/{xy))/tir\. 

where the action of C G /x^ is given by C, ■ (a;, y) = {(^x, C~^y); 

(3) each y^ C C is contained in the smooth locus of C; 

(4) each stack y^ is an etale gerbe over SpecC with a section (hence trivializa- 
tion); 

(5) C is a scheme outside the twisted points yi, . . . , y„ and the singular locus; 

(6) the coarse moduli space C is a nodal curve of arithmetic genus g. 

Let TT : C ^f C he the projection to the coarse moduli space, and let Xi = 7r(yi). 
Then xi , . . . , a;„ are distinct smooth points of C, and (C, xi , . . . , a;„) is an n-pointed, 
genus g prestable curve. 

Let A^Q^n be the moduli of n-pointed, genus g twisted curves. Then A^g™„ is a 
smooth algebraic stack, locally of finite type j49j . 

7.2. Riemann-Roch theorem for twisted curves. Let {C,yi, . . . ,y„) be an n- 
pointed, genus g twisted curve, and let {C,xi, . . . ,Xn) be the coarse curve, which 
is an rt-pointed, genus g prestable curve. Let £ — > A" be a vector bundle over X. 
Then y^ = B^ir^ and Cr; S Hn acts on f|j. with eigenvalues C,1-\t ■ ■ Xi'^ ^ where 
li G {0, 1, . . . , Ti — 1} and N — rank5. Define 

age^,(£^) := G Q. 

n 

The Riemann-Roch theorem for twisted curves says 

(84) x(f)- / ci(5)+rank(f)(l-5)-^age,^(£:). 

Given a real number x, let [a; J denote the largest integer which is less or equal 
to X, and let (x) = x — [x\ . 

Example 85. LetC = P[2,3], yi = [0,1], ^2 = [1,0]. Then (C,yi,y2) is a2-pointed, 
genus twisted curve. The coarse moduli curve is {C,Xi,X2) — (P"'^, [0, 1], [1, 0]). 
Let Ln = Oc{ni2), where n G Z. Then 

n Ti 

ci(^) = 2' rank(/:„) = 1, age^^(i;„) = (-), age^^(£„) = 0, 

so 

x(/:„) = i + Lfj- 
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Let TT : C = P[2, 3] — > C = P^ be the projection to the coarse moduli space. Then 
Tr*Opi{kx2) — C2k- We have 

as expected. 

7.3. Moduli of twisted stable maps. Let A" be a proper smooth DM stack with 
a projective coarse nioduh space X , and let /? be an effective curve class in X. An 
n-pointed, genus g, degree /3 twisted stable map to A" is a representable morphism 
/ : C — > A", where the domain C is an n-pointed, genus g twisted curve, and the 
induced morphism C — > X between the coarse moduli spaces is an n-pointed, genus 
g, degree (3 stable map to X. 

Let Aig^ni'^, (3) be the moduli stack of n-pointed, genus g, degree /3 twisted 
stable maps to X. Then Aig^n{X, /3) is a proper DM stack. 

For j = l,...,n, there are evaluation maps evj : A4g,n{X, /3) — )■ IX. Given 
i = {ii, . . . ,in), where ij S /, define 

n 

M^.{X,(3):=f]eyj\X,^). 

Then Ai j(A', /?) is a union of connected components of Mg^ni^, P), and 

Mg^niX,(3)^ \jMg^^{X,l3). 
He I" 
Remark 86. In the definition of twisted curves in Section \7.1\ if we replace (4) by 
(4)' each stack y^ is an etale gerbes over SpecC; 

i.e. without a section, then the resulting moduli space is ICg^n{X, /3) in [2], and the 
evaluation maps take values in the rigidified inertial stack IX instead of the initial 
stack IX . 

7.4. Obstruction theory and virtual fundamental classes. The tangent space 
T^ and the obstruction space T^ at a moduli point [/ : (C, yi, . . . , j;„) — > A"] e 
Aig^n{X , P) fit in the tangent- obstruction exact sequence: 

^Ext°,^(f]c(ri + ■ • ■ + yn), Oc) ^ H^'iC f*Tx) ^ Ti 
(8' ) 1 1 o 

^Exti,^(f]c(ri + • • • + yn), Oc) -^ H\C, f*Tx) ^T^^O 

where 

• Extg^ {Qc (yi H ^ yri) , Oc ) is the space of infinitesimal automorphisms of 

the domain (C, yi, . . . ,y„), 

• Ext(>5^(r2c(yi + • • ■ + Tn), Oc) is the space of infinitesimal deformations of 
the domain (C,yi, . . . ,y„), 

• -ff°(C, f*Tx) is the space of infinitesimal deformations of the map /, and 

• H^{C, f*Tx) is the space of obstructions to deforming the map /. 

T^ and T^ form sheaves T^ and T^ on the moduli space J^ -^{X,f3). This defines 
a perfect obstruction theory of virtual dimension 

df = / Ci{Tx) + (dim X-3){l-g) + n-y] age(A',^ ) 
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on A4 ^(A",/?), which defines a virtual fundamental class 
The weighted virtual fundamental class is defined by 

n 

7.5. Hurwitz-Hodge integrals. By Example [80l when X ~ BG we have 

IBG - y (6G)e 

ceConj(G) 

where Conj(G) is the set of conjugacy classes of G. Give c — (ci,...,c„) G 
Conj(G)", let jAg^siBG) = Mg^s{l3G,P = 0). Then A4g,a-{SG) is a union of con- 
nected components of A^g^„(;BG) := Mg^niBG,0), and 

Mg,n{l3G) = [_\ Mg,s{BG). 

ceConj(G)" 

We now fix a genus g and n conjugacy classes c— (ci, . . . , c„) S Conj(G)". Let 
TT : U ^ Mg^c{BG) be the universal curve, and let / : W -> SG be the universal 
map. Let p : G ^- GL{V) be an irreducible representation of G, where ^ is a 
finite dimensional vector space over C. Then £p := [V/G] is a vector bundle over 
BG= [pt/G]. We have 

^ j Oj^ --(BG)' ii p '■ G ^ GL(1,C) is the trivial representation, 

1 0, otherwise. 

The p-twisted Hurwitz-Hodge bundle Ep can be defined as the dual of the vector 
bundle R^TT^,f*£p. If p = 1 is the trivial representation, then Ei = e*E, where e : 
Mg,c{BG) -^ Mg^n, and E -^ Mg,n is the Hodge bundle of Mg^n- So rankEi = g. 
If p is a nontrivial irreducible representation, it follows from the Riemann-Roch 
theorem for twisted curves (see Section [7^ that 

n 

(88) rankEp = rank(£:p)(5 - 1) + X! ^SScj (Sp), 

i=i 
where Sige^.{£p) is given as follows. Choose g € Cj. Let r > be the order of g in 
G, let N = rankfp = dimF. If the eigenvalues of p{g) G GL{V) = GL{N,C) are 
C^i,...,C^", where h,...,lN e {0, 1, . . . ,r - 1}, then 

,c \ h + ■ ■ ■ + In 
i^ge {£p) = • 

The definition is independent of choice of g £ Cj. The map det op : G — > Gi(l, C) 
descends to a map det op : Conj(G) — ^ GL{1, C). We have 



J|detop(c^) ^ 1, 



3 = i 
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Note that when G is abelian, any irreducible representation of G is l-dimensional, 
so rank(£'p) = 1 for any irreducible representation p of G. 

• Hodge classes. Given an irreducible representation p of G, define 

Af = c,{Ep) G A'(Mg^s{BG)), i = l,.. . ,rankEp. 

• Descendant classes. There is a map e : Mgs{BG) — )■ A^g,n. Define 

^j = e>, G A'(Mg.^{BG)), j = l,...,n. 

Hurwitz- Hodge integrals are top intersection numbers of Hodge classes Af and 
descendant classes ipj-. 

(89) / V5r---C"(Aff^---(A^«)'=«. 

In [ST], J. Zhou described an algorithm of computing Hurwitz- Hodge integrals, as 
follows. By Tseng's orbifold quantum Riemann-Roch theorem [ST], Hurwitz- Hodge 
integrals can be reconstructed from descendant integrals on Aig.c{BG): 

(90) / v^r-'-C"- 

JM.ABG) 

Jarvis-Kimura relate the descendant integrals on A^g j(SG) to those on Mg^n [29j . 
We now state their result. Given g G Z>o and c= (ci, . . . ,c„) G Conj(G)", let 

g n 

V^s ■■= {iai,bi, . . . ,ag,bg,ei, . . . ,en) G G^3+" | Jlt^^'^^J = H'^J'^i ^^i^' 

Then A4g^s{BG) is nonempty iff V^^ is nonempty. 

Theorem 91 (Jarvis-Kimura [29l Proposition 3.4]). Suppose that 2g — 2 + n > 
and y - is nonempty. Then 

When G is abelian, each Ci is an element in G. Vy^g is nonempty iff ci ■ • • c„ = 1, 
and in this case V^^ = G^^ . 

Corollary 92. Let G be a finite abelian group. Suppose that 2g — 2 + n > 0, and 

c— (ci, . . . ,c„) G G", where ci •••€„ = 1. Then 

Mg,dBG) JMg.r, 

7.6. Orbifold Gromov-Witten invariants. There is a morphism e : M. i{X, f3) — 
Mg,n{X,f3). Define V'i = £*tpi- Let 

7, gA'^^(A',JcA,^, ^^A-). 

Define orbifold Gromov-Witten invariants 

(93) (fa, 71, • • ■ , ra^ln)lp := / n ev^jV^f 



[Mg^-{XM^ 



J=l 
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which is zero unless 



More generally, let 



V(dj + age(A',^. ) + a,) = / Ci [Tx) + (1 - .g)(dim X-i) 



7, ei?''^(A',Jci/J, -^^A-), 



and define orbifold Gromov-Witten invariants (1931). Then it is zero unless 



Y^{dj + 2age(A',J + 2aj) = 2 (/ c^{Tx) + (1 - .g)(dim A" - 3) + n j . 

8. ToRic Deligne-Mumford Stacks 

In f8^, Borisov, Chen, and Smith defined toric DM stacks in terms of stacky 
fans. Toric DM stacks are smooth DM stacks, and their coarse moduli spaces are 
simplicial toric varieties. A toric DM stack is called a toric orbifold if its generic 
stabilizer is trivial. Later, more geometric definitions of toric orbifolds and toric DM 
stacks are given by Iwanari [27l [28] and by Fantechi-Mann-Nironi [19^ , respectively. 

8.1. Stacky fans. In this subsection, we recall the definition of stacky fans. Let 
iV be a finitely generated abelian group, and let A% — N ^z ^- We have a short 
exact sequence of abelian groups: 

l^Nt,,^N^N^ N/Ntor ^ 1, 

where A'tor is the subgroup of torsion elements in N. Then A'tor is a finite abelian 
group, and N ^ ZT, where r — dim^ N^. The natural projection N ^ N is denoted 
by 6 H- &. 

Let S be a simplicial fan in TYr (see [21 ), and let S(l) — {pi, . . . ,ps} be the 
set of 1-dimensional cones in the fan E. We assume that pi, . . . ,ps span A^r, and 
Hx bi ^ N such that pi = R>o&i. A stacky fan S is defined as the data (A^, E,/3), 
where (3 : N := (Bf^-^Zbi = Z'^ — ;■ A is a group homomorphism defined by bi h-> bi. 
By assumption, the cokernel of /3 is finite. 

We introduce some notation. 

(1) M = Hom(iV,Z) =Hom(iV,Z) ^ (Z'')*. 

(2) M = Hom(7V,Z) = (Z^)*. 

(3) Let E((i) be the set of d-dimensional cones in E. Given a € E((i), let 
A^ C A^ be the subgroup generated by {bi \ pi C a}, and let A^^ be the 
rank d sublattice of A" generated by {bi \ pi C a-}. Let Mo- = IIom(Aa-,Z) 
be the dual lattice of A'cr . 

Given a S E(d), the surjective group homomorphism A^o- — >■ N^ induces an 
injective group homomorphism Hom(A'o-,Z) -^ Hom(A'CT,Z) which is indeed an 
isomorphism. So IIom(ACT,Z) = M^ ^ Z"*. 

8.2. The Gale dual. The finite abelian group A'tor is of the form ffi'^iZa^. . We 
choose a projective resolution of A: 

^ Z' -§► Z''+' ^ A ^ 0. 



40 
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Choose a map B : N ^ Z^+' lifting l3 : N -^ N. Let pr^ : iV Z' -> iV and 
pr2 : iV Z' — > Z' be projections to the first and second factors, respectively. We 
have the following commutative diagram: 

TV ® Z' ^^^^-^ N 



^N- 




^Define the dual group DG{P) to be the the cokernel ofS* © Q* : (Z'^+')* 
M ® (Z')*. The Gale dual of the map ^ : N ^ N is P"" : M ^ DG{I3). 



DG{P) 




M©(Z')*''i M 




8.3. Construction of the toric DM stack. We follow [8j Section 3]. Applying 
Hom(-, C*) to ^^ : M ^ DG{P), one obtains 

(/): Gs :=Hom(i:>G'(^),C*) ^> f := Hom(M, C*). 

Let G = Ker0. Then G = IIi^i t^aj i where Ha, C C* is the group of Oj-th roots of 
unity, which is isomorphic to Z^.. Let BG denote the quotient stack [{Ij/G]. The 
algebraic torus T acts on C by 

(ti,...,ts) ■ {zi,...,Zs) = (tizi,...,tsZs), (ti,...,ts) e T, {zi,...,Zs) e C*. 

Let Gs act on C hy g ■ z :— (f)(g) ■ z, where g G Gs, z e C. Let 0(0"') = 
C[zi, . . . , Zg] be the coordinate ring of C*. Let I^ be the ideal of 0(0") generated 

by 

{Y[z,:<7e^} 

and let Z[Iy) be the closed subscheme of C defined by /s. Then C/ := C — Z{I^) 
is a quasi-affine variety over C. The toric DM stack associated to the stacky fan S 
is defined to be the quotient stack 

A-s := [U/Gj:]. 

It is a smooth DM stack whose generic stabilizer is G, and its coarse moduli space 
is the toric variety X^: defined by the simplicial fan E. There is an open dense 
immersion 

i:T^[f/Gj:]^X^^[U/G^], 
where T — (C*)'' x BG is a DM torus. The action of T on itself extends to an 
action a : T x A's — > Xj: . 
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Example 94 (weighted projective spaces). Let wi, . . . , Wr+i be positive integers. 
The weighted projective space P[wi, . . . ,Wr+i] is defined to be the quotient stack 

[(e+i-{o})/e], 

where C* acts on C^^^ — {0} by 

P[wi, . . . , Wr+i] is a smooth DM stack. It is an orbifold if and only if g.c.d.(wi, . . . , Wr+i) = 
1. We will show that it is indeed a toric DM stack defined by some stacky fan 
S = (E,7V,/3). 

Let e = g.c.d.{wi, . . . ,Wr+i) G Z>o, so that {wi, . . . , Wr+i) = e{w'i, . . . ,w'j._^i), 
where w'l, . . . , w'^^^i are positive integers such that g.c.d.{w'i, . . . , w',^j^i) = 1. Define 

r+l 

Define bo := X]i=i ^'i^ij which is a primitive vector in the lattice N, and define 

N = N/Zbo = IT. 

Applying Honi(— ,Z) to the surjective map N -^ N, we obtain an infective map 

i: M = Hom(iV, Z) ^ M = Hom(7V, Z) 

where M can be identified with the following rank r sublattice of M: 

M^{meM\ {fh,bo) = 0}. 

Let bi E N be image of bi. Define N = N (B Z/eZ, and let bi = (bi, 1). Define 
/3 : N ~¥ N by P{bi) — bi. A projective resolution of N is given by 

O^Z%N®'L^N = N® 'L/e'L -^ 0, 

where 0(1) = (0,e). The map [3 : N ^ N can be lifted to B : N ^ N ®1, 
bi I— > {bi, 1). Let {b\, . . . , ^^^i^i} be the Tj-basis of M dual to the Z-basis {bi, . . . , 6,-+i} 
of N. The map B* ® Q* : M © Z -> M Z is given by 

r+l 

(m,0)^(z(m),0), (0,l)K^(^5*,e). 



The map M Z — ;> DG{j3) —TL is given by 

r+l 



(6*,0)k^u;, (0,1)^^1^;;. 



Applying Hom(— , C*) to \w\ ■ ■ ■ Wr+i] : ^ = Z''+-'- -^ DG{f3) ~ Z, we obtain 
<j>:Gj:=C* ^f = Hom(M,C*) = (C*)''+\ A h^ (A'^S . . . , A"'-+0. 

Therefore, 

Xj: = (C+i - {0})/Gs = PK, . . . , wr+i]. 
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Example 95 (complete 1-dimensional toric orbifolds). Suppose that S = (S, N, (3) 
is a stacky fan which defines a l-dimensional complete toric orbifold Xs- The 
coarse moduli space Xy: must be V^ , the unique 1-dimensional complete simplicial 
toric variety. So we have 

N^Z, N^I?, 1.1 = 1, t;2 = l 5i=si, 62 = -S2, 

where si,S2 are positive integers. Let Tisi.s2 denote the stacky Jan 

(S,Ar = Z,/3=[si -S2]), 

There is a commutative diagram 



and let Gs, s, — Gs 



(96) 



-G, 



li-S-T: 



.2"']^^ 



P=l,=2 



1 



G. 



■T: 



S1,S2 
<*\2 ^ 



*-r: 



■T ■ 



-^1 



1 



where the rows are short exact sequences of abelian groups. The arrows are group 
homomorphisms given explicitly as follows: 

Psi,s2(tiM) = (t\\t7), P{t) = t, TTs,.s2(ti,t2) = t\H':^'"^, Tr(tiM) ^ht^^. 



G., 



= Ker(^,„,J = {(ti,t2) e T = (C*)^ | tlH^' - 1} 



Gs = Ker(7r) = {(ti, t2) £ T = (C*)^ | iit^i = 1} 
Following [30) . /et Cs-^,S2 ^6 ^^^ toric orbifold defined by the stacky fan Sg^.s^-' 



Cs 



■■^x^. 



-{(0,0)})/G.„ 



-/Vote that Example \81\ is a special case of this: P[2,3] = 0^,2- More generally, when 
si and S2 are relatively prime, Gsi,s2 — C* and 

C,,^,, = [(C2-{(0,0)})/C*]-P[s2,si] 

where C* acts on C^ by X ■ (zi,Z2) — (A^^^i, A*iz2). /n general, Gs^^s^ — C* x /i^j, 
where d = g.c.d.[si,S2) (see (THl Example 7.29]/ 

The coarse moduli space of Cs^^s^ is the projective line: 

Xs-(C2~{(0,0)})/C*-P\ 

where C* acts on C^ by \ ■ (zi, Z2) = {^^i, \z2). 
We have 



TC, 



u 



•u e z 

-32 < 1) < SI 



where 



and 



,v = < 



'-'Sl,S2I l^ ^ U, 

i3/is2, 1-S2<W<-1, 



■{((0,1), CJ}, l<v<s,-l, 

Ob(C,,,,„.) = <( {{{x, y), 1) I (a;, y) G C^ - {0}}, i; = 0, 

{((1,0), Cs7)}, 1-S2<i;<-1. 
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We have 

and 

■ r , J Cii,s2,si-t), 1 < w < si - 1, 

[<-Sl,S2,S2+^)J 1 - S2 < U < -1. 

8.4. Rigidification. We define the rigidification of S = {N, S, /3) to be tlie stack;y 
fan 11"^ :— {N, S, (3), where /3 is the composition oi /3 : N ^ N with the projection 
N -^ N. Note that M, N„, and A/^ defined in Section O depend oniy on S"s. 
The generic stabilizer of the toric DM stack A'^rig is trivial because N = Z" is 
torsion free. So A'^rig is a toric orbifold. There is a morphism of stacky fans 
S — >■ S'''s which induces a morphism of toric DM stacks 7r'''s : X-^ -^ X-^rif, . The 
toric orbifold A'^rig is called the rigidification of the toric DM stack Xs,- The 
morphism tt'''^ : As — !■ A^rig makes X-£, a G-gerbe over A^rig . 

Gsr.g = Gs/G is a subgroup of T. Let T := f /G^rig ~ (C*)''. There is an open 
dense immersion 

."s : T = [T/Gs.i.] -^ As.g = [U/G^r.,]. 

8.5. Lifting the fan. Let S = (iV, E, /?) be a stacky fan, where iV = IT" . Let U be 
defined as in Section [5751 The open embedding [/ ^^^ C^ is T-equi variant, and can 
be viewed as a morphism between smooth toric varieties. More explicitly, consider 
the s-dimensional cone 

5o = Cone({5i, . . . ,6,}) C TVr = AT (g)z M, 

and let Eq C A'r be the fan which consists of all the faces of cto- Then C* is the 
smooth toric variety defined by the fan Eq. We define a subfan E C Eq as follows. 
Given a G E(d), such that cr n {6i, . . . ,5s} = {foij, . . . ,6^^}, let 

a = Cone({6ii, . . . , 5iJ) C ^Vr. 

Then there is a bijection E — ;■ E given by cr M- ct, and U is the smooth toric variety 
defined by E. 

For any d-dimensional cone ct e E, let / = {i | pi C u}, and define 

f/s = SpecCp"" r\M]=C'-{\[z, = 0} 

, z,) e C" I z, =^ if 2 ^ /} ^ C^ X (C*)'^-^ 
, zs) e C" I z, = iff i e /} ^ (C*)''-'' 
,z,) gC" |z, = Oif ie/} = e"'^ 
,Fs)er|ti = lforz^/} = (C*)'*. 

Then 

• C/g? is a Zariski open subset of U . 

• Os is an orbit of the T-action on U. The stabilizer of the T-action on Os 
is fs, so O^ = f/fs. 

• V{a) is a closed subvariety of U. 



= 


- {(^1 


Os = 


= {(^1 


Via) - 


= {(^1 


Ts -- 


= {(tl: 
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Let Ga = 4'^^{Ts) be the stabilizer of Gs-action on O^. Then Ga is a finite abehan 
group. In particular, when a — {0} is the zero dimensional cone, G{o} — Ker0 = G 
is the generic stabilizer. Note that ii a C a' then Tg? C T^' and Ga C Ga' ■ 
We have T-equivariant open embeddings 

We define 

X^ := [C/5/Gs], V(a) = [V{a)/G^], O, = [O^/Gs]. 
Then 

• X„ is an open substack of X. 

• Og. is an orbit of the T-action on X. 

• V(fT) is the closure of Oo-. 

• V(cr) ^ V(o-)"s is a G<,-gerbe. 

The T-equivariant line bundles on Ua — SpecC[?^ n M] are in one-to-one cor- 
respondence with characters in Hom(T5;, C*). Moreover, we have canonical isomor- 
phisms 

Hom(f5, C*) ^ M/(ct-L n M) ^ AU. 

Given x € Ma-, let Ou^{x) denote the T-equivariant line bundle on Us associated 
to X G Mcr , and let Ox^ (x) denote the corresponding T-equivariant line bundle on 
Xrj — [Ua/Gs]- Let X e M be any representative of the coset x G M /{a^ n M) = 
Ma- The T-weights of r(A'o-, Ox„{x)) ^-re in one-to-one correspondence with points 
in (x + cr"^) nM. 

More generally, a T-equivariant coherent sheaf on U descends to a T-equivariant 
coherent sheaf ox\ X = [U /Gs\\ indeed, we may regard this as the definition of a 
T-equivariant coherent sheaf on X . Composing the map T ^>- T = \T /G] with 
the T-action a : T y- X -^ X ox\ the toric DM stack X, we obtain a T-action 
a : T X X —!■ X on X. Following Kresch [41], we define the T-equivariant Chow 
groups of the stack X to be the Chow groups of the Artin stack [X/T^ : 

A*r{X) -.^A^iX/T]), A^X;Z) := A*{[X/n^)- 

The identification of stacks 

[X/T] - [U/f] 

implies that we may identify these Chow groups with the T-equivariant Chow 
groups of U: 

A*riX) = A*fiU), A*^iX;Z) ^ A*f{U;Z). 
Note that we have an isomorphism of rational Chow groups 

A*r{X) = AUX). 

As the following example shows, this isomorphism does not generally hold for inte- 
gral Chow groups. 

Example 97. Let X — ¥[w] be the zero dimensional weighted projective space, 
where w is an integer and w > 1. Then X — T ^ Bfi^ and T = {1}. 



A)-{X; Z) = 0, A}j.{X] Z) = Z/wZ. 
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Let V be a T-equivariant vector bundle over X. Under the identification A'^{X) = 
A^{X) (or equivalently, H^{X) = H^{X)), the T-equivariant Chern classes of V 
are equal to the T-equivariant Chern classes of V: 

cJ(V)=c^(V), 0<fc<rankV. 

Example 98. Let X — Csi,s2 ^^ defined as in Examvle \95[ Let pi — [0,1] and 
p2 = [1, 0] be the two T -fixed (stacky) points in Csj_s2 • Then any T-equivariant line 
bundle on Cs-^^S2 *s of the form 

£ci,c2 = CAr(cipi -KC2P2), ci,C2eZ. 

We will compute 

ch'^{H\X,C,,^,,)~H\X,C,,.,,)). 
We have 

N = Z, S = {{0}, pi = [0,oo), p2 = (-w,0]} 
Let 

Xi = Xp^ , X2 = Xp^ , ^"12 = x^Q^ = Xi n X2 = T ^ c . 

The cohomology groups H'^{X, -Cci,c2) ^'^'^ T[^{X, Cci,c2) '^'"6 t^^^ kernel and cokernel 
of the following Cech complex: 

^ r(^i, £,,,,,) ©r(A'2, £,,,,,) A T{Xi2,Cc,,c2) -^ 0, 

where S( 81,32) = si L^ ~ S2 ^ • Let u G M be the dual of the "L-basis of vi £ N . 
1^12 1^12 

Then 

ch^(r(A'i, £,,,,,)) = Y. e™" 

ch^(r(A'2,£c,.C2)) = E 

ch^(r(^i2,/:c,.c2)) = E^""- 



mG2 



Therefore, 

ch^{H°iX,Cc,,c2)) = 




e"™, ^ -I- ^ > 0, 

' Sl S2 — ' 



fr + t^O' 



More generally, suppose that a torus T' (of any dimension) acts on the total 
space of C — Cc^.c^i such that 

Cl (7'piCsi,s2) = , cf {Tp^Cs,,s2) = ; cf (Cp,) = W2, cj (Cp^) = W3, 

Sl S2 

where wi,W2,W3 G H'^{BT';Q). Then 

W3 — W2 + awi, 

where 

cx C2 g.c.d.{si,S2)„ 
a = 1 G £■ 

Sl S2 S1S2 
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Let 



Then 


e-(^)£{0,-,...,^ }. 

S2 S2 S2 


ch^{H\X,C)) = 


m^Z, — e<?n<a 


La-eJ 
gU)3-(m+e)toi _ V * gt03-(m+c)toi q > Q 

— e m=0 




. 0'' ' 


a < 0, 




0, 


a > 0, 


ch^{H\X,C)) = 


mGZ,€<Tn<e— 1 


gU)3 + (m-e)tOi _ V ^ gM>3 + (m-£)+iiii q < Q. 
2 m=l 



8.6. Toric graph. The coarse moduli space of the toric DM stack X — X^ defined 
by a stacky fan S = (N, E,/3) is the simphcial toric variety X — Xy: defined by 
the simphcial fan E C Ns.. The definitions of the 1-skeleton X-^ and the flags in 
E in Section 14.31 for smooth toric varieties also work for simphcial toric varieties. 
The sets S](r), I](r - 1) and F(E) define a connected graph T. Let T = {C*Y be 
the torus acting on the coarse moduli X, and let T be the DM torus acting on X. 
Then tt : X ^>- X restricts to T — > T, and T = T if and only if <Y is a toric orbifold. 
Given a € 'S:{r) let pa = V{(t) (resp. pa — ^{<^)) be the associated zero dimen- 
sional T-orbit (resp. T-orbit) in X (resp. X). Then p^ — [pa/Ga] — BG^- Given 
T G E(r — 1), let £r = V{t) (resp. Ir — V(r)) be the associated one dimensional 
T-orbit closure (resp. T-orbit closure) in X (resp. X). Then Ir is a 1-dimensional 
toric DM stack, and l^ -^ ["s is a Gr-gerbe. Define a map r : T(E) -^ Z>o by 

There there is a short exact sequence of abelian groups 

1 — ^ G,- > Gcr — -> fJ-r{T,cr) -^ 1, 

where 0(t, a) : Ga — > C* is the character of the irreducible Gcr-representation Tp^ [,-. 
Given r G E(r — 1), there are two cases: 

(1) Suppose that r G E(r — l)c. Then r is the intersection of two r-dimensional 
cones a, a' . We have It = P^ and ["^ ^ Cr(r,o-),r(T,(T')- 

(2) Suppose that r ^ E(r — l)c. Then there is a unique r-dimensional cone a 
which contains r. We have £,- = C and ["^ = [C//Xr(T.(T)]. 

Given (t, ct) G T(r), let vi(T,a) G M„ be characterized by 

/ / \ u\ Jo if Pj C T, 

I i II Pi C cr and pi (/L r. 

This gives rise to a map w : T(E) — >■ AfQ satisfying the following properties. 

(1) w(t, ct) is the weight of T-action on Tp^t^, the tangent line to \r at p^,- In 
other words, 

w(T,a) = cf (TpJ,) = i72(p^) ^ Mq. 

(2) Given any a G E(r), the set {w(t, ct) | t G i?cr} form a Z-basis of M^. 
These are the weights of the T-action on the tangent space Tp^X to X at 
the torus fixed (stacky) point pa- 
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(3) Any r e I](r — l)c is contained in two top dimensional cones a, a' £ S(r). 
(a) r(T, cr)w(T, cr) = — r(T, cr')w(T, cr') G Af. 

(.Dj l^ ^ ^r(r,(T),r(T,o■')■ 
Let T be as in (2). The normal bundle of (,- in X is given by 

where Ci is a 7~-equivariant line bundle over [^ such that the weights of the T- 
actions on the fibers (A)p^ and {Ci)^^, are w(Ti,cr) e M^ and w(rj',cr') S A/o-', 
respectively. We have 

w(r/, cr') = w(ri, cr) - ajr(r, cr)w(r, cr) = w(tj, cr^) + air(r, cr')w(r, cr') 

where 

a, = /" ci(A)e'Q- 

8.7. Cohomology and equivariant cohomology. In this section, we recall the 
result of [H] on the Chow ring of toric Deligne-Mumford stacks. We also state the 
equivariant version. 

Let X = Xs be the toric DM stack defined by a stacky fan S = {N, S,/3), and 
let X = Xs be the simplicial toric variety defined by the simplicial fan S. We 
assume that X is projective. 

Definition 99. (1) Let I be the ideal in Q[Xi, . . . , X^] generated by the mono- 

mials {Xi-^ ■ ■ ■ Xi^ I Wij , . . . , Wi^ do not generate a cone in E}. 

(2) Let J be the ideal in Q[Xi, . . . ,Xs] generated by {X]a=i('"' ^a)^a \ u € M}. 

(3) Let /' be the ideal in Rt[Xi, . . . ,Xs] = Q[v'ri, . . . ,Xs,ui, . . . ,Ur] generated 
by the monomials {Xi-^ ■ ■ ■ Xi^, \ Vi-^, . . . ,Vi^, do not generate a cone in E}. 

(4) Let J' be the ideal in Rt[Xi, . . . , Xg] = Q[^i, . . • , Xs, mi, . . . , Ur] generated 
by {J2'L=i{u, bo)Xo, -u\u&M}. 

(5) deg{Xa) = 2, a = l,...,s; deg{u,) = 2, i = 1, . . . ,r. 

With all the above definitions, the cohomology and equivariant cohomology rings 
of X can be describe explicitly as follows. 

Theorem 100. We have the following isomorphisms of graded rings: 

H*iX)9iQ[Xi,...,Xs]/iL+J). 

H*t{X) = H*r{X) ^ Q[Xi, . . . ,X„ ui, . . . , u,]/(/' + J') = Q[Xi, . . .,X,]/L. 

The isomorphism is given by X^ ^^ ci{Ox{T^a)) or c^iOxi'Da))- 

The ring Q[Xi, . . . , Xs\/ L is known as the Stanley-Reisner ring. The ring homo- 
morphism 

i*x : H^iX) = Q[Xi, ...,Xs,ui,.. .,Ur]/iL'+J') ^ H*iX) = Q[Xi, . . . ,X,]/(/+J) 

is surjective. The kernel is the ideal generated by ui, . . . ,Ur. We say j"^ E H^{X) 
is a T-equivariant hft of 7 G H*{X) if «|^(7^) = 7. 

Example 101. LetCs^.s^ be defined as in Examvle\95[ Then 

H*{C,,^,,) = Q[Xi,X2]/{siXi - S2X2,XiX2) = q[Xi]/{Xl), 

H}{Cs,,s,) = Q[Xi,X2]/{XiX2). 
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8.8. Orbifold cohomology and equivariant cohomology. In this section, we 
recall the results of [8 on orbifold Chow ring. We also state the equivariant version. 
For any u G E, define 

Box(a) = {veN\v= Y^ qA, 0<q,< 1} 

PiCff 

Then there is an bijection between Box(cr) and N{(t) = N/Na-. Define 

Box(S) = IJ Box(ct). 

The inertia stack oi X = X-£, is 

IX = ]J A'(S/cr(w)) 

■uGBox(S) 

where <j(w) is the minimal cone in S containing v. 
Given v = ^^ Qa^a=i G Box(S), define 

s 

As a Q- vector spaces, 

Rl,^{X) = H*{X{i:/a{v))[deg{Xn]. 
Let Rt = Q[wi, ■ . ■ ,Ur]- As an i?T-niodule, 

HU^AX) ^ HU^riX) ^ HAXii:/a{v))[degiX^)]. 

t)eBox(S) 

Example 102. Let Hg^s^' Csi,s2i ^''^d, {Csi^s2.v}v]^i-s ^^ defined as in Example 
\M Then 

N = N = 1, BoxCEs,,s2) = {w e Z I 1 - S2 < si - 1}. 

X{'E/a{v))^Cs,^s2.v, l-S2<v<si~l. 
As a Q-vector space, 

ill *1 Pi *2 

Sl — 1 S2 — 1 

= QieQi/e 0Qi^©0Qi'_^, 

1=1 3 = 1 

where 1^,1^ e H^^^{C,,^,,). 

We next describe the ring structure. 

Definition 103. (1) As a Q-vector space, Q[N]^ = QcenQv''- 

(2) As a Rr-module, Rt[N]^ = Qc^nRtv"- 

(3) Define the multiplication on (Q)[A^]^ and RtIN]"^ by 

I y'^^^'^^i if there is cr e S such that ci G cr and C2 G cr, 
y ^ ■ y ^ — < 

0, otherwise. 
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(4) Given c £ N , let a he the minimal cone in S containing c ^ N. Then 
c = J2b 6ct '^aba for somc via G Q>o- Define 

baea 

(5) Let J he the ideal o/Q[Af]^ generated hy {X]q=i(^»' ^ct)2/^° | i = 1, . . . ,r}. 

(6) Let J' he the ideal of Rt[N]^ generated hy {'^a^i{ui,ba)y^'^ — ui \ i — 
l,...,r}. 

Theorem 104. (1) There is an isomorphisms of Q^- graded rings: 

HUiX) - Q[Nf/J. 
(2) There is an isomorphism of Q-graded Rx-modules: 

HU,.{X) = i/:,b,r('^) = RT[Nf/J'. 

Example 105. Let 0^^,82 be defined as in Examvle \95\ Then 

H*,b{Csus2) - Q[yi,y2]/{yiy2,siyl' -S2y2')- 

As a Q-graded Q-vector space, 



si-l 



yl 



i=l 4=1 

where 

2 2 

H = sij/i' = S22/2': deg(yi) = — , degiy^) = — • 

Let \r and 1^ he defined as in Example llOSi Then 

Horb,T(.CsuS2) = Q[yi,y2,u]/{yiy2,siyl' - S2y2 -u) 

9. Orbifold Gromov-Witten Invariants of Smooth Toric DM Stacks 

The main reference of this section is P. Johnson's thesis [30], which contains 
detailed locahzation computations for one-dimensional toric DM stacks. 

Let A' be a toric DM stack of dimension r defined by a stacky fan S = (TV, S, /3), 
and let s = |S(1)| > r. Let 

iei 

be the inertia stack of X, and let i = {ii, . . . , i„) G /". The torus T acts on X, and 
acts on the moduli stack A1 -(A", (3) by 

i ■ [/ : (C,yi, . . . ,y„) ^ A-] K^ [t . / : (C,yi, . . . ,y„) ^ A"] 

where (i • f){z) = t ■ f{z), z G C. The evaluation maps evj : A4 ^{X,l3) -^ Xi. are 
T-equivariant and induce ev* : A^{Xi.) -> A*rp[M -i{X , fi)) . 
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9.1. Equivariant orbifold Gromov-Witten invariants. Suppose that A^ j(A', /3) 
is proper, so that there are virtual fundamental classes 



[M,AX,(3)r^^ €Al,,iM^,^{X,l3)), 



g,t\ " /J Kj V g,i 

where i — (zi, . . . ,Zn) G /"", and 

df'= / ci(rA') + (r-3)(l-.g)+n-^age(A'.J. 
Recall that the weighted virtual fundamental class is given by 

n 

Similarly, 

n 

[Mgr.{x,PT'^ = {X{n;)[M^^Ax,p)Y-"^^ 

Given 7^- G ^'^^"(A:;^.) = H^'^^{X,^) = iJ^^^b'^''^''^'^"^^^(A:') and a^ S Z>o, define 
(T'ai (71) ■■■Ta^ ^^^))'^,I3 ^^ i" Section[7Sl 

(106) (f,, (71) • • • f,„ (7„))^^ = /_ n (ev*7, U ^J^ e Q. 

By definition, p06p is zero unless 

n 

i=i 
or equivalently. 



In this case 



n „ 

^K+age(^,J)= / c,iTX) + {r~3){l-g) 



(107) (f„, (71) ■ • • f,„ (7„))^, = /_ n H^I U (^J)'^O 

where jj G A^^ (X) is any T-equivariant lift of jj G A'^^ {X), and 

^J&A}r(M^-{X,P)) 
is any T-equivariant Hft of 'ipj G A^(A^ ^(A", /3)). 



)d 



Given 7 G Aj? (A^^ ), we define T-equivariant orbifold Gromov-Witten invariants 



» n 

(r.,(7n,--- ,f,„(7j))f, := / 1] K7f(^f)- 

n 

GQ[wi,...,u,](^d, -df). 



3=1 
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where Q[ui, . . . ,ui] (k) is the space of degree k homogeneous polynomials in. ui, ... ,ui 
with rational coefficients. In particular, 

fn V" (7 <: H'^" 

T\\Xt _ J ' Z^j:=l "i ^ "7 J 



where jj = i*^. jj G A'^^ {X, ). 

In this section, we will compute the T-equivariant orbifold Gromov-Witten in- 
variants (jlOSp by locahzation. Let M^ j(A', /3)^ C M^ ^(A:', P) be the substack of T 
fixed points, and let i : A^ j(A',^)^ -> M -^{X,(i) be the inclusion. Let A^'^"^ be 
the virtual normal bundle of substack M. :[{X, 13)'^ in A4 ^{X, (3)] in general, A^^"' 
has different ranks on different connected components of A^ ■^{X,l3)'^ . By virtual 
localization, 

. n 

109 3. J i 

**n;u(ev*7ju(^jro 



Indeed, we will see that A4^(A',/3)^ is proper even when Ai :^{X,f3) is not. 
When M ^{X, (3) is not proper, we define 

GQ(ui,...,Mr). 

When A4 :j^{X, (3) is not proper, the right hand side of (|110p is a rational function 
(instead of a polynomial) in ui, . . . ,Ur. It can be nonzero when X]7=i ^j "^ (K", 
and does not have a nonequivariant limit (obtained by setting m = 0) in general. 

9.2. Torus fixed points and graph notation. In this subsection, we describe 
the T-fixed points in A4 :{{X, (3). Given a twisted stable map / : (C, yi, . . . , j:„) -^ X 
such that 

[f : iCn, ■■■ ,Tn) ^ X] eM^/X, I3f , 

we will associate a decorated graph F. We first give a formal definition. 

Definition 111. A decorated graph F ~ {T, f,d, g, s,k) for n-pointed, genus g, 
degree (3 stable maps to X consists of the following data. 

(1) T is a compact, connected 1 dimensional CW complex. We denote the set 
of vertices (resp. edges) in F by ViT) (resp. E(T)). The set of flags of T 
is defined to be 

F{T) = {{e,v) e £;(F) x V{T) \ v G e}. 

(2) T/ie label map / : y(r)U£;(F) ^ S(r) Ui;(r - 1)^ sends a vertex v £ V{T) 
to a top dimensional cone (Jy G S(r), and sends an edge e G E{T) to an 
(r — I) -dimensional cone t^ G S(r — l)c. Moreover, f defines a map from 
the graph T to the graph T; if {e,v) G F{T) then (re,cr„) G F{Yi). 
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(3) The degree map d : E{T) — ^ Z>o sends an edge e G E{T) to a positive 
integer de ■ 

(4) The genus map g : V{T) — > Z>o sends a vertex v e V{T) to a nonnegative 
integer g^ ■ 

(5) The m.arking map s : {1, 2, . . . , n} — >■ V{T) is defined if n > 0. 

(6) The twisting map k sends an edge e G E{T) to an element k,, g Ge '■= Gr^, 
a flag (e, v) to an element kr^.^\ G Gy := G^^, a marking j G {1, . . . ,n} to 
an element kj G Gy if i{j) —v. 

The above maps satisfy the following two constraints: 

(i) (topology of the domain) 2_, 9v + |-E'(r)| — |^(r)| + 1 = g. 

vev{r) 
(ii) (topology of the map) 2_, delirj — P- 

eGB(r) 

(iii) (compatibility along an edge) Given any edge e 6 ^(r), let v,v' G V{T) 
be its two ends. Then fc(e ,,) G Gy and fc(e.t,') G Gyi are determined by 
de G Z>o and k^ G Ge |30l Lemma 11.13]. 

(iv) (compatibility at a vertex) Given v G V^(r), let Ey and Sy be defined as in 
Definition \53\ Then 

n KeU n fc. = 1- 

In particular, if (e, v) G F(r) and v G V^{T) then fc(e,t,) = 1 G Gy. 
(v) (compatibility with i = (ii, . . . , i„)) Given j G {1, . . . , n}, if s{j) — v, then 
the pair (pa^ , kj ) represent a point in Xi. , the connected component of IX 
labelled by ij . 

Let G -j^{X,l3) be the set of all decorated graphs T = (T, f,d,g, s,k) satisfying 
the above constraints. 

Let / : (C, yi, . . . , j:„) — ?• X be a twisted stable map which represents a T fixed 
point in M^{X,13). Let / : (C, xi, . . . ,a:„) -^ X he the corresponding stable map 
between coarse moduli spaces. Then / : {C,xi, . . . ,x„) — > X represents a T fixed 
point in Mg^n{X,(3), so we may define, as in Section [5?2l T, f,d,g,s, Cy for each 
vertex v G V{r), and Ge for each edge e G E{r). It remains to define the twisting 
map k. Let Cy (resp. Ce) be the preimage of Gy (resp. Ge) under the projection 
C^G. 

• Given an edge e G E{r), the map fe := f\c^ : Ce ^ It is determined by the 
degree de of the map fe-=f\c^ : Ge = V^ —> ir = P^ and ke G Gr^ . Define 
fc(e) = ke. 

• Given (e,w) G F{r), let l)(e,w) = Ce nC„. Define k{e,v) — k(^e,v) G Gy to 
be the image of the generator of the stabilizer of the stacky point \){e, v) in 
the orbicurve Ce- 

• Under the evaluation map evj , the j'-th marked point jtj is mapped to (per, k) 
in the inertial stack IX, where a G V{I]) and k G G^. Then / o s{j) — a. 
Define k{j) = kj = k. 

Define 

(112) r^e,v) = \{k{e,v))\- 
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where (fc(e ,j)) is the subgroup of Gv generated by ki^^^y Suppose that v,v' G V^(r) 
are the two end points of the edge e S E(T). Then 

rrig c^ p p r^ n 

To summarize, we have a map from hA j(A', fi)^ to the discrete set G ];{X, f3). 
Let J^ji C M j{X, (3)'^ denote the preimage of F. Then 

where the right hand side is a disjoint union of connected components. 

We now describe the fixed locus Tft associated to each decorated graph F e 
G -j;{X,(3). Given an edge e G E{T), the map fe : Ce ^ (t, where r = /(e), is 
determined by F up to isomorphism. The automorphism group of fe is Ge x Z r, , . 
The moduli space of /g is 

Me^BiGexZ^-^^^). 

Given a stable vertex v G y"^(r), the map /„ := f\c^ : Cy ^^ pa = BGy, where 
a = f{v), represents a point in Aig^.E^uS^ipa-), where Ey and Sy are defined as in 
Definition [S31 For each e E Ey C E{r), there is an evaluation map 

For each j 6 Sy C {1, . . . , n}, there is an evaluation map 

eVj : Mg^.EMsAPa) ^ ^Pa^- 

We have 

IPa^,^IBGy^ y {BGy)k, 

keG^ 

where {BGy)k are connected components oilBGy (see Example [50]) . The moduli 
space of /„ is 

^g.,^^^G-)■■^ n e<.)((^G-)fc-,)n n ^^]\{BGy)k,). 

To obtain a T fixed point [/ : (C, yi, . . . , j:„) ^' <%"], we glue the the above maps 
/„ and fe along the nodes. Let V^{T) and F'^(F) be defined as in Definition [551 
The nodes of C are 

{t)(e,„) =CenCy I (e,«) G i^'5(F)} U {o, = C„ I vGT/2(p)^^^^|g^^g2||, 
We define Alp by the following 2-cartesian diagram 

Mf -^ UeeE(r)Me 



fv 



A 



where evv and ev^; are given by evaluation at nodes, and TBGy is the rigidified 
inertia stack. More precisely: 

• For every stable flag (e, v) G i^'^(F), let ev(e „) be the evaluation map at the 
node t)(e,«), and let evje^i,) — io ev(e^t,), where i is the involution on IBGy. 
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• For each v G V"^(r), let Ey — {61,62} (we pick some ordering of the two 
edges in Ey), let ev(^ei,v) be the evaluation map at the node !)„, and let 

eV(e2,«) = '-°eV(e2,t,)- 

• Define 

(e,t))G_FS(r) 
ev^ = Y[ ^(e,v) X Yl CV(e_„). 

{e,v)eFS{r) „6v2(r) 

(e,v) e F(r) 

The fixed locus associated to the decorated graph F is 

Jr = Alp/Aut(f). 

From the above definitions, up to some finite morphism, Jr can be identified 
with 

and 
where 

(113) cp^ — . — i n i^- n — • 

|Aut(F)|nee£;(r)('^e|G'e|) (e,t,)eF''='(r) ^('=''') t-ey2(r) ^" 

In the above equation: 

\G I 

• — |Gt,/(fc(e^„))|, where G't,/(fc(e^„)) is the automorpshim group of fcr ^s 

in the rigidified inertial stack IBGv ■ 

• If w e ^^(F) and E^ = {ei, 62}, we define r^ — r{ei,v) ~ 7-(e2, v). 

9.3. Virtual tangent and normal bundles. Given a decorated graph F G G j(A', /3) 
and a twisted stable map / : {C,ii,. . . ,j:„) — > A" which represents a point in the 
fixed locus J^^ associated to F, let 

Bi = Hom(r!c(yi + • ■ • + y„), Oc), B2 = ii'^C, PTX) 
Bi = Exti(r!c(yi + • • • +j:„),Oc), S5 = H^CfTX) 

T acts on i?i , ,62 , S3 , ,64 . Let B™ and B/ be the moving and fixed parts of Bi, 
respectively. Then 

(114) -^ b( -^ B( ^ T^^f -^ b{ -^bI ^ T^-f -^ 

(115) ~> B]"' ^ B™ ^ T^^" ^ Bf ^ B™ ^ T^'™ ^ 
The irreducible components of C are 

{C„|«eF^(F)}u{Ce|6e£;(F)}. 
Recall that the nodes of C are 

{t)(6, w) = Ce n CJ (6, w) e F^(F)} u {t), = C, I « e T^'(F)}. 
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9.3.1. Automorphisms of the domain. 

b( = Rom{ncMe,v)+X){e,v')),Oc^ 



e G -E(r) 
(e,v),(e,v') S F(T) 



il"(Ce,TCe(-l)(e,«)-l)(e,«')) 



e G -B(r) 
(e,v),(e,v') G F(r) 

i'evi(r),(e>i')6-P(r) 
We define 

W{e,v) ■■= e' (rq(e,„)Ce) = G i/|(r)(e, w)) = Mq. 

9.3.2. Deformations of the domain. Given any v G V (F), define a divisor x^, oiCv 

by 

x„ = ^ ?»+ ^ t)(e,w). 

ie5„ ee-E„ 

Then 

i?| = Exti(f2c„(x„),0c)= T>(g^,^„(Ba) 

i'ey2(r),B„={e,e'} (e,«)eFS(r) 

where 

9.3.3. Unifying stable and unstable vertices. From the discussion in Section 19.3.11 
and Section |9. 3. 2i 

e^(i?r) _ TT TT 1 

,,,,, «^ 1^4 ; „eyi(r),(e,«)eF(r) i,ev2(r),B„={e,e'} "'(•=•") ^ '"('^ ''') 

(116) 

TT ^- 

Recall that 



r " — ^^ 

|Aut(r)neeB(r)('^e|G'e|) (e,^)eFS(r) ^("=^^) i-ev-'ir) '^'- 

To unify the stable and unstable vertices, we use the following convention for the 
empty sets Mo,(i){BG) and Mo,(c,c-^}{BG), where 1 G G is the identity element, 
and c £ G. Let G be a finite abehan group. Let wi,W2 be formal variables. 
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• ^o.{i){'^C!) is a —2 dimensional space, and 

• ■^0,{c,c-^){l3G) is a —1 dimensional space, and 
(118) f 

'^o,(c,o-i)(eG) ^i'l-V'i \G\ 

From ()117p . ()118p . (J119p . we obtain the following identities for non-stable vertices: 
(i) If w e V\T) and (e,w) e F(r), then r^^^v) = 1, and 

\Gv\ _ J =W(e,„). 

(ii) If w e V^{T) and £;„ = {e, e'}, let c = p(e,w) = p(e',w)"^ G G„, then 
|G.| |G„| /■ 1 



7Vfo_(^_^_i)(BG) (Wl - V'l)(u'2 - V'2) (Wl + W2) • |G| 

1 1 



IGJ 1 



(iii) If u e Fi^i(r) and (e,u) S F{r), then 



= 1. 



rie,v) Jm„^^^-i^{BG^) Wie,v) "V'lAle,!,) 

We then redefine A4f and Cj=; as follows: 

(120) ■^f= n ^s„,4(^^-)' [-^f]=cf[>'f]' 

(121) cp= — . — i n i^. 

|Aut(r)| UeeEiT)ide\G,\) (e,„fei(r) ^(^''') 

With the above conventions (J117p - (|12ip . we may rewrite pi6p as 

(122) fi^^ n —- 

The following lemma shows that the conventions (|117p . (|118p . and (|119p are 
consistent with the stable case A^o,(ci,....c„)('SG), n > 3. 

Lemma 123. Let G he a finite abelian group. Let c= (ci,...,c„) G G", where 
Ci • • ■ c„ = 1. Let wi, . . . , Wn he formal variables. Then 

(a) / ^1 - 1 ( ^ I ^ T''. 

iAToc(eG) nr=l('^» - V'i) \G\-Wi---Wn Wi Wn 

iATo,c(eG) wi - -01 |G| 
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Proof. The unstable cases n — I and n = 2 follow from the definitions ()lf7|) and 
(|f 18|) . respectively. The stable case {n > 3) follows from Corollary l92] and Lemma 

m □ 

9.3.4. Deformation of the map. We first introduce some notation. Given a e S(r) 

and k € Ga, let [Tp^X) denote the subspace which is invariant under the action 
oik onTp^X. Then" 

{Tp^X)" ^ {Tp^X)'" . 
Consider the normalization sequence 

ueys(r) eeB(r) 

(124) 

^ ^-J. ® O,(e,.)^0. 

We twist the above short exact sequence of sheaves by f*TX. The resulting short 
exact sequence gives rise a long exact sequence of cohomology groups 

^ B2^ ff°(C,)© H°{Ce) 



(T,(,^)A')'=(-) © (r/(,(,,.))A')'=<' 



£;„ = {e,e'} 

-^ Ss^ i/i(C,)© iJi(Ce)^0. 

t;Gl^S(r) ee£(r) 



where 



ff'(C„) = iJXC., f:TX), H\C,) = WiCeJtTX) 
for i = 0, 1. 

/(t)i-) = P<T„ = f{X){e,v)). Given (e, u) G F(r), define 

(125) h(e,i,) =e^((Tp^ A") '<-'") = H w(r,a.). 

The map Bi ^ B2 sends ijO(Ce,TCe(-r)(e, w)-r)(e', w))) isomorphically to iJ''(Ce, /*r(^J/, 
the fixed part of H^{Ce, f*TlrJ. 
It remains to compute 

fiHH^^j^Txri f(jiHc^j;Txr^ 

^'''- eT{m{C,,f;TX)--y ^^'- eT{HO{C,J*TX)--) 
We first introduce some notation. 

• If u e V^{T), then there is a cartesian diagram 

Ci, > pt 



Let G^ denote the subgroup of G^ generated by the monodromies of the 
G„-cover Cv — > Ct,. Then the number of connected components of Cv is 
\Gv/Gv\, and each connected component is a Gi,-cover of Cv. 
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• Given (r^a) £ F{T,), let (f>{T,a) £ G* be the irreducible character which 
corresponds to the 1-dimensional Go-representation Tp^ [,- . 

• Given an irreducible character cj) of G«, let C^ denote the 1-dimensional 
G„-representation associated to (j). Define 

rankE^ 

4=0 

where Xf G A^{Ai -> (BGy)) are Hurwitz-Hodge classes associated to S 
G* . Here rankEp is the rank of Ep — ^ A^ ^ {BG^ ) . The rank of a Hurwitz- 
Hodge bundle Ep -^ Mg^s{BG), where G is any finite group and p £ G*, is 
given in Section [731 

• Given a Gy representation V, let V'-^" denote the subspace on which Gy 
acts trivially. 

Lemma 126. Suppose that v G V^{T) and f{v) = a e S(r). Then 

n A^(,,„)(w(r,a)) 

(127) h(.) . i^:llH(£) 

((T,r)eB(r),G„CG^ 

Proof. We have 

H\Cy,f:TX) - (H\Cy,O^J®T„xY^ 

(r,<T)e_F(r) 

The group homomorphism Gy -^ Gy/Gy induces an inclusion [Gy/Gy)* -^ G* 
of sets of irreducible characters, so {Gy/Gy)* can be viewed as a subset of G*. 
H'^{Cy, O^ ) is the regular representation of Gy/Gy, so 

H\Cy,O^J^ C^. 

0e(G„/G„)* 

</>(r,a) G [Gy/Gy)* iff G„ C G., so 

^G„^ _ J w(t, cr), GyCGr, 
1, G^ ^ Gr- 

Therefore, 

(128) eT(i?°(C„,/:TA-)™) = eT(i?°(C.,/:rA'))= H ^(^''^) 

(r,CT)eF(r),G„CG^ 

(ili(C., 0cJ® %.,.))''" =E^(,_,), 
so 

(129) eT{H\Cyj:TX)n = eT{H\Cyj:TX))= \{ A^(,^,)(w(r,a)). 

(r,<T)e_F(r) 

Equation ([T27| follows from (IT28| and ([T29| . D 



G„ 



eT((i?^C,,OcJ® %-.))' 
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Lemma 130. Suppose that e G E{T). Let d ~ de & Z>o, and let t ~ /(e) G 
Ti{r — l)c. Define a,a' ,Ti,Tl,ai as in Section \4-3\ Suppose that (e,w),(e,w') € 
F{T), f(v) = a, /(«') = cr'. Then A:(e.y) € G^ acts on Tp^lr by multiplication by 



(e,f) 



Define 

Then 
(131) 
where 

(132) 

Proof. Let 
We have 



/ 1^ \ rr^ 1 

(-7 r),ei,---,er-i £ |0, ,. 

r{T,a) r(e,„) r(e,„) 

u = r(T, (t)w(t, (t) = — r(T, CT')w(r, cr'). 



1 



-}■ 



h(e) 



(^)L7(^J (_i)L7(T^J -_i 



Hb. 



I a 11 I 2 11 J-J- 

Lr(r,(T)J' Lr(r,(T')J' i=l 



hi = <^ 



Yl (w(r„CT)-(j + e,)^)-\ a, >0, 
Yl (w(r,,<T) + (j-eO^), a, <0. 



Wi=w(ri,cr), i = l,...,r-l. 



N, 



w/x 



£l ©•••©£r-l- 



• The weights of T-actions on {Ci)p^ and {Ci)p , are w^ and w^ — a^u, re- 
spectively. 



The weights of T-action on Tp^ It- and Tp , [7- are —, r and 



7T' re- 



r{T,a) r{T,a') 

spectively. 
Let py — f^^{pc),pv' — fcT^iPa') be the two torus fixed points in C, 

Then the weights of T-action on Tp^Ce and Tp ,Ce are -; and 



dr 



respectively. 
By Example [981 



(e,v) 



dr(e,v') ' 



chT{H\Cej:C,)-H\Ce,f:C,)) = <^ 



- Y. e-'-(^+^')^, a. >0, 

\ti-dai-l] 

Note that w^ — {j + ei)\i and Wi + {j — ei)\i are nonzero for any j G Z since w^ and 
u are linearly independent for i = l,...,r — 1. So 

e^(gHCe,/*A)"') _ e^(HHC,,/*A)) _ 
e^(i/"(Ce,/*A)") e^(iJO(Ce,/,*A)) ' 

where bi is defined by (|132p . 
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By Example l98l again. 

= =1+ ^ 6-'^+ ^ e" 



,3 J d 



So 



e^(iJO(Ce,/*T[.)™) /J J^ /J -J^ 

I ^_ 11 I i 11 

Lr(T,cr)-l' Lr(r,cr')-1' 



Therefore, 



e^{H^{CeJ:TXr) _ e^(iJi(Ce,/e*7^[r)'") We^(i/i(Ce,/:A)' 



= -^^^^^5 — -^—^ TTb^ 

I d__ || I d || 11 ' 

Lr(r,CT)J' Lr(r,fT')J' i^l 

D 
From the above discussion, we conclude that 

^57#(= n Me,.)- n h(e,.). n hM- n ^e) 

where h(e,w), h{v), and h(e) are defined by p25p . p27p . p3ip . respectively. To 
unify the stable and unstable vertices, we define 
1 



veV\r)LiV^'\T), E,^{e}, 



, / N J h.(e,v) ' 

h(w) — < S 1 



.h(e,w) h(e',u)' 
Then 

„T t -Dm\ _^ _^ _^ 

n h(.)- n h(e,«). n ^e) 



e'^{Bf^ 



^ 2 ^ vev(T) (e,i.)eF(r) eeB(r) 

9.4. Contribution from each graph. 

9.4.1. Virtual tangent bundle. We have B( = B^, B^ ^ 0. So 

«ev-5(r) 
We conclude that 
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9.4.2. Virtual normal bundle. Let N^'^ be the virtual bundle on Mj^ which corre- 
sponds to the virtual normal bundle of J^p in Ai j(A', (3). Then 

h{v) 



n n K -^r .A. n Me,.)- n m 



e 



9.4.3. Integrand. Given a e S(r), let 



, • ■ • , "r 



be induced by the inclusion i^ : p^j -^ X. Given F G G j(A', /3), let 
be induced by the inclusion if. : Ff — > AA j(A', /3). Then 



*f. 



:n(ev:7fu(v?r 

(133) 



n C7f(-(e.))-- n (nc7fn^r;.) 

To unify the stable vertices in V^iT) and the unstable vertices in F^'^(r) , we use 
the following convention: for a G Z>o, 



(134) / 



>fo,{c,c-i)(eG) 



u'i-'0i 1^1 



In particular, (|119l) is obtained by setting a = 0. With the convention (|134p . we 
may rewrite (jl33p as 

n 

(135) ^t n (ev*7r U (^f )-) = I] ( IT C„7f H ^re..). 

4=1 veV(T) ieS^ eeE„ 

The following lemma shows that the convention (jl34p is consistent with the 
stable case Mo.{ci....,c„){BG), n>3. 

Lemma 136. Let n,a be integers, n > 2, a > 0. Let c— (ci, . . . ,c„) G G", where 
ci • • • Cn = 1 ■ T/ien 



^f 



ATo,<.(BG) W^l - V'l 



n^=°^" ,^ '^ <+^-", n = 2or0<a<n-3. 

a!|G| 

0, otherwise. 



Proof. The case n = 2 follows from (I134|) . For n > 3, 



V-f 1 /■ V-? ^a+2-„ / V5r=^->2" 



A1o,c(eG) Wl - "01 ^"1 Jmom{BG) 1 - ^ JMo.siBG) 

a+2-n J_ ("-3)! ^ n°=o('^-3-z) <,+2-n 

1 ' |G| ■ (n-3-a)!a! a!|G| ^ 

D 
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9.4.4. Integral. Let 



^* : A*t{M^^^{X, f3)) ^ A^M^^^iX, (3)' ) 



be induced by the inclusion i : M j(A', /3)^ -^ M :^{X, (3). The contribution of 

**nr=i(ev:7fu(v;fr') 



from the fixed locus J-^ is given by 

cf n Me) n Me,!') n (nc.7f 



eeB(r) (e,i,)eF(r) t)Gy(r) ies„ 

n 



Hv)-Y{e<,EM.) 



where cp e Q is defined by (|12fp . 

9.5. Sum over graphs. Summing over the contribution from each graph F given 
in Section 19.4.41 above, we obtain the following formula. 

Theorem 137. 

= E ^f n Me) n Me,!') n (nc„7r) 

(138) feG^jix,/}) eeB(r) {e,v)eF(T) vev{r) les^ 

where h(e), h(e, u), h(u) are given by (J13ip . (I125p . (|127p . respectively, and we have 
the following convention for the v ^ V (F) ; 

1 wi f 1 1 



ATo,(i)(eG) Wl -V'2 |G|' J Mg^^^_^^{BG) {wi - tpl)i'W2 - tp2) \G\ ■ {wi + W2)' 

r - ir^i ' aei:,>o. 

^o,(c,c-i)(eG) W'l -"01 l<--| 
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